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Quest of shape coexistence in Zr isotopes

J. E. García-Ramos 1,2 and K. Heyde3

1Departamento de Ciencias Integradas y Centro de Estudios Avanzados en Física, Matemática y Computación,
Universidad de Huelva, 21071 Huelva, Spain

2Instituto Carlos I de Física Teórica y Computacional, Universidad de Granada, Fuentenueva s/n, 18071 Granada, Spain
3Department of Physics and Astronomy, Ghent University, Proeftuinstraat, 86 B-9000 Gent, Belgium

(Received 10 May 2019; published 22 October 2019)

Background: The mass region with A ≈ 100 and Z ≈ 40 is known to experience a sudden onset of deformation.
The presence of the subshell closure Z = 40 makes it feasible to create particle-hole excitations at a moderate
excitation energy and, therefore, likely intruder states could be present in the low-lying spectrum. In other words,
shape coexistence is expected to be a key ingredient to understand this mass region.
Purpose: The aim of this work is to describe excitation energies, transition rates, radii, and two-neutron
separation energies for the even-even 94−110Zr nuclei and, moreover, to obtain information about wave functions
and deformation.
Method: The interacting boson model with configuration mixing will be the framework to study the even-even
Zr nuclei, considering only two types of configurations: 0particle-0hole and 2particle-2hole excitations. On one
hand, the parameters appearing in the Hamiltonian and in the E2 transition operator are fixed trough a least-
squares fit to the whole available experimental information. On the other hand, once the parameters have been
fixed, the calculations allow to obtain a complete set of observables for the whole even-even Zr chain of isotopes.
Results: Spectra, transition rates, radii, ρ2(E0), and two-neutron separation energies have been calculated and
a good agreement with the experimental information has been obtained. Moreover, a detailed study of the wave
function has been conducted and mean-field energy surfaces and deformation have been computed too.
Conclusions: The importance of shape coexistence has been shown to correctly describe the A ≈ 100 mass area
for even-even Zr nuclei. This work confirmed the rather spherical nature of the ground state of 94−98Zr and its
deformed nature for 100−110Zr isotopes. The sudden onset of deformation in 100Zr is owing to the rapid lowering
of a deformed (intruder) configuration which is high-lying in lighter isotopes.
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I. INTRODUCTION

In recent years, it has become clear that nuclei can ex-
hibit various shapes, changing from more spherical structures
into the characteristic of strongly deformed systems. It is
even more interesting that a given nucleus can exhibit the
possibility of various shapes, and this as a function of the
excitation energy available in the nucleus. This idea was first
brought forward in the 1950s in the 16O nucleus by Morinaga
[1]. It was clearly at odds with the standard expectation of
what a doubly closed shell nucleus was supposed to exhibit
as its low-lying excited state spectrum, in particular, the
appearance of a low-lying 0+ state which nature was not
clear a priori. It turned out to be not the only doubly closed
shell nucleus to exhibit such shape coexistence structure. The
nuclei 40Ca, 56Ni, to name a few, have more recently indicated
the appearance of bands pointing to strongly deformed struc-
tures [2–5]. The same, what was called shape coexistence,
was observed in heavy single-closed shell nuclei, such as
Pb isotopes and Sn nuclei, with unambiguous indications of
experimental evidence for the appearance of deformed bands
(see Ref. [6] for a review). The wealth of data have given rise
to intensive studies moving away from stability at radioactive

ion beam facilities to carry out an extensive set of Coulomb
excitation experiments (see Ref. [7] and references therein),
complementing the information on energy spectra, with the
more informative data on B(E2) values, quadrupole moments,
ρ2(E0) values, and S2n values. On the theoretical side, with
the increasing computing capabilities, in particular, for the
lighter nuclei, large-scale shell-model calculations (LSSM)
have been carried out during the past decade. In contrast
with former studies, much larger model spaces are handled,
encompassing a number of adjacent major harmonic oscillator
shells. Consequently, starting from a given two-body inter-
action, the essential correlations that the interacting nucleon
systems can develop have shown to be able to give rise to
the appearance of shape coexistence (see also Refs. [8–10] for
some very recent papers). Starting from calculations within a
laboratory frame basis, care has to be taken when discussing
the issue of “nuclear shapes and its evidence” because it is a
nonobservable. Keeping with the fact that there are the data
that reign, the key point is the comparison of data with the
theoretical results, and not so much shape properties, which
imply some model-dependence. Mean-field studies, using
the self-consistent Hartree-Fock-Bogoliubov (HFB) method,
have extensively addressed these nuclei, pointing out the
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presence of various shapes as a function of changing number
of protons (or neutrons), covering the larger part of the nuclear
mass region [11–15]

The aim of this work is, on one hand, to present in a
coherent way the present experimental situation of even-even
Zr isotopes and the different theoretical approaches to treat
them. On the other hand, it will be carried out a very detailed
interacting boson model calculation using configuration mix-
ing (IBM-CM in short) to describe the even-even Zr nuclei.
The paper is organized as follows: in Sec. II, we describe the
experimental situation in the Zr isotopes whereas in Sec. III,
we present the various theoretical approaches that have been
used in the literature to study the Zr nuclei. In Sec. IV, we
succinctly present the IBM-CM formalism as well as the
fitting methodology used. We also discuss the main outcome
of the calculations such as energy spectra, B(E2) values, and
its comparison with the available experimental data. In Sec. V,
we discuss the results on the isotopic shifts, E0 transition rates
and two-neutron separation energies, and Sec. VI is devoted
to the description of nuclear deformation properties of the
Zr nuclei as derived from the study of the quadrupole shape
invariants and from IBM-CM mean-field calculations. Finally,
in Sec. VII, both the main conclusions as well as an outlook
for further studies are presented and suggestions are made for
future experiments to be carried out.

II. EXPERIMENTAL DATA IN THE
EVEN-EVEN Zr NUCLEI

At present, data have become available for an extensive
series of isotopes, spanning all the way from the closed
subshell–closed shell nucleus 90Zr, passing through 100Zr up
to 110Zr which was speculated about as a possible doubly
subshell closing nucleus with Z = 40 and N = 70 within a
spherical harmonic oscillator picture. The data go all the way
down to the very early work by Cheifetz et al. [16], who at
the LBL Lawrence Radiation Laboratory reported the first
strong experimental evidence concerning a new region of
deformation in the A = 100 mass region and beyond.

In Fig. 1, we present the resulting data without making any
connecting lines between the energy levels to avoid any bias at
the start. According to the literature, the levels labeled in blue
corresponds to states with a clear spherical structure, while
those in red to a deformed shape. What is very clear though
is a major change in the spectral characteristics. Once having
passed neutron number N = 56 (which corresponds to a filled
2d5/2 orbital) and passing through the N = 98–100 region,
energy spectra clearly exhibit a more collective character
in the ground-band structure. In the discussion following,
besides information on the energy spectra, we emphasize the
importance of both electromagnetic properties, isotopic shifts,
S2n separation energies as well as on data for two-nucleon
transfer reactions giving essential information to uncover the
properties of this most interesting Zr set of isotopes, covering
≈20 mass units.

We have made use of the most recent Nuclear Data Sheets
references, namely, Ref. [17] for A = 92, Ref. [18] for A =
94, Ref. [19] for A = 96, Ref. [20] for A = 98, Ref. [21]
for A = 100, Ref. [22] for A = 102, Ref. [23] for A = 104,

FIG. 1. Experimental energy level systematics for the Zr iso-
topes. Only levels up to Ex ∼ 3 MeV are shown. Levels labeled
in blue correspond to spherical shapes, while levels labeled in red
correspond to deformed ones (see text for details).

Ref. [24] for A = 106, and Ref. [25] for A = 108. Within the
past ∼20 years, extensive use has been made of a large set of
complementary probes to characterize both the electromag-
netic decay of the levels in the Zr series of isotopes, spanning
the region from A = 90 up to A = 110. This includes the
measurement of nuclear lifetimes using Doppler-broadened
lineshapes of the decaying γ rays, making use of neutron scat-
tering using the (n,n′γ ) method as well as using the Doppler
Shift Attenuation (DSA) technique as well as measurements
of E0 ρ2 values (see Refs. [26,27]). More recently, Coulomb
excitation methods have become state-of-the-art approach to
extract not only the B(E2) values but even the sign of spe-
cific E2 reduced matrix elements. Besides, the availability of
high-resolution electron scattering allowed to measure B(E2)
values between the 0+

1 and 2+
2 states adding an independent

approach to extract the E2 decay characteristics of excited
2+. To reach the most heavy Zr isotopes, it was made use
of prompt γ -rays in coincidence with isotopically identified
fission products. In Table I, the most relevant experimental
references are given.

Having concentrated on energy spectra, it is of major
importance to present at the very start those data that highlight
observables indicating both the radii in the Zr nuclei (see, e.g.,
Fig. 26 in Ref. [6], in which also β2 values are presented),
as well as a plot with the S2n values. This information is
presented in Fig. 2, where the radii [Fig. 2(a)] and the two-
neutron separation energy [Fig. 2(b)] are depicted for Sr, Y,
Zr, Nb, and Mo isotopes. This figure clearly points toward a
sudden change of structure at N = 60, being especially sharp
for Sr, Y, and Zr, smoother in the case of Nb and being almost
washed out for Mo.

III. THEORETICAL FRAMEWORK

A. Shell-model studies: From early works
to state-of-the art calculations

The early experimental evidence for an unexpected new re-
gion of deformation in the A ≈100 mass region came through
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TABLE I. Relevant references concerning experimental data for even-even Zr isotopes.

Isotope References

90Zr Warwick et al. [28], Garrett et al. [29]
92Zr Baglin [17], Sugawara et al. [30]
94Zr Abriola and Sonzogni [18], Chakraborty et al. [31], Peters et al. [32], Scheikh Obeid et al. [33], Elhami et al. [34], Julin et al. [35]
96Zr Abriola and Sonzogni [19], Kumbartzki et al. [36], Alanssari et al. [37], Kremer et al. [38], Pietralla et al. [39],

Kumbartzki et al. [36], Sazonov et al. [40], Witt et al. [41]
98Zr Singh and Hu [20], Bettermann et al. [42], Ansari et al. [43], Singh et al. [44], Werner et al. [45], Witt et al. [46],

Lhersonneau et al. [47], Urban et al. [48]
100Zr Singh [21], Ansari et al. [43], Hwang et al. [49], Urban et al. [50], Urban et al. [51]
102Zr DeFrenne [22], Ansari et al. [43], Urban et al. [51]
104Zr Blachot [23], Hwang et al. [49], Browne et al. [52], Hotchkis et al. [53], Yeoh et al. [54]
106Zr Singh [24], Sumikama et al. [55], Navin et al. [56], Browne et al. [52]
108Zr Singh [25], Sumikama et al. [55], Kameda et al. [57]
110Zr Paul et al. [58]

the work on primary fission products of 252Cf, covering both
the Sr, Zr, Mo, Ru, and Pd nuclei with respect to both energy
spectra as well as B(E2; 2+

1 → 0+
1 ) reduced transition prob-

abilities [16]. Detailed early shell-model calculations were
carried out by Talmi and Unna [59] and Talmi [60] using
a set of 1dn

5/2 configurations with a short-range interaction
emphasizing the importance of the proton-neutron T = 0 ef-
fective interaction [61]. The underlying idea had already been
proposed about 10 years before by deShalit and Goldhaber
[62] with respect to collective effects, e.g., the lowering of the
2+

1 excited state found its origin through the strong mixing of
shell-model configurations, and was connected to a very large
overlap of the radial proton and neutron wave functions with
the constraint of equal radial and orbital quantum numbers.

It was the extensive work of Federman, Pittel, and cowork-
ers, who carried out the best that could be done at that time,
pointing out a microscopic approach within the framework
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FIG. 2. Experimental radii (a) and two-neutron separation ener-
gies (b) for Sr, Y, Zr, Nb, and Mo.

of the shell-model allowing to study the transition when
moving beyond N = 58, using a model space consisting
of the 3s1/2, 2d3/2, and 1g7/2 neutron orbitals and protons
restricted to the 2p1/2, 1g9/2, and 2d5/2 orbitals, with most
interesting results. These results are in line with the calcu-
lation of the changing single-particle energies through the
self-consistent Hartree-Fock (HF) modification, as pointed
out by Goodman et al. [63], Goodman [64], and Zeldes
et al. [65], emphasizing the very importance of the residual
proton-neutron interactions resulting in major modifications
in the occupation of the 1g9/2 proton and 1g7/2 neutron
orbitals, thereby favoring the formation of a zone of deformed
states in the Zr isotopes beyond N = 58. This approach,
as suggested by Federman and Pittel in 1979, entitled as
“a unified shell-model description of nuclear deformation,”
emphasizing the importance of the simultaneous occupation
of neutrons and protons of spin-orbit partners [66–72], is at
the origin of a number of present-day calculations related to
the variation of the single-particle energies of nucleons in
nuclei, as well as the interplay between the way the nucleon
re-distribution of states over the single-particle model space
basis and the effective NN force can accommodate in a
natural way the appearance of new and unexpected regions of
deformation.

This early combination of various correlation effects and
their interplay points towards the final outcome: the impor-
tance of the changing mean field as a function of neutron
(proton) number for a given isotope (isotone) series of nuclei.
One sometimes notices a sensitive final result as a competition
between, on one side, the cost to construct a nonstandard
distribution of nucleons over the available proton (neutron)
single-particle orbitals and, on the other hand, the energy gain
caused by, in particular, the low-multipole energy correlation
gain resulting in a specific energy dependence as a function
of neutron number (proton number) outside of closed shells
(see Ref. [73] where it was shown that in the Zr region
this competition was giving rise to important changes in the
ground-state 0+ structure).

More recently, detailed LSSM calculations have covered
within large model spaces these effects in a more realistic
way, in particular, by Holt et al. [74], covering the N = 50–58
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region, as well as the later shell-model study by Sieja et al.
[75], covering both even-even and odd-mass Zr nuclei in the
region from N = 50 up to N = 58. The above calculations
result in the explanation of the specific energy variation for
the first excited 2+ level as well as presenting a comparison
with the known E2 reduced transition probabilities. Poves put
forward an idea on what might be happening in the Sr, Zr
region on what he calls “entanglement” [76]. He suggested
that, resulting from the specific characteristics observed in the
mixing of a reference closed-shell nucleus with multiparticle
multihole excitations across the closed shell, such as 2p-2h,
4p-4h, up to 6p-6h excitations as shown in the case of 32Mg, a
particular mixing pattern shows up pointing toward the mixing
between shell-model 2p-2h and 4p-4h configurations, giving
rise to a mixing of a deformed and a superdeformed shape.
Because of the two-body nature of the interaction, no direct
coupling between, e.g., a spherical 0p-0h (deformed) and
4p-4h (superdeformed) is allowed. However, detailed shell-
model calculations have indicated the possibility of a spherical
ground state (0p-0h) configuration mixing mainly with the
4p-4h configuration, even though no direct mixing is possible.
This particular structure seems to be observed in the nearby Kr
nuclei, with 72Kr as an example stressing the strange coupling
between a spherical and a superdeformed shape, resulting in
a final 0+ state called “a shape-entangled” state. More details
are discussed by Poves [76].

The need to include a number of adjacent harmonic oscil-
lator shells, compared to the single harmonic oscillator shell
studies to allow for mp-nh excitations with respect to the more
simplified approach quickly runs in too large dimensions,
in particular, if one aims to cover the medium-heavy and
heavy nuclei. Recent developments going under the name
of Monte Carlo shell model, by Otsuka et al. [77], Shimizu
et al. [78,79] (MCSM), have reached the computing power
to study nuclei in the lead mass region, which is well known
for its spectacular examples of shape coexistence over a large
span of isotopes, in Pb, Po, Hg, and Pt nuclei. The Zr region
has been another particular region of interest near N = 60,
where the ground-state structure is undergoing a major change
(see Ref. [80]) with strong increase, in particular, for the
B(E2; 2+

1 → 0+
1 ) reduced transition probability. This mass

region has been a particularly important one to scrutinize
the nuclear structure properties using various complementary
experimental tools such as lifetime measurements, Coulomb
excitation and inelastic electron scattering. Of course, transfer
reactions, in particular two-particle transfer, do play a major
role in that respect as they are very sensitive to the occupation
of the underlying single-particle mean-field orbitals, thereby
making detailed tests feasible. In this respect, it is worth men-
tioning the recent IBM works [81,82]. Very much the same
physics content, albeit within a restricted space, emphasizing
the interplay between the effects of a changing cost in energy
to redistribute the protons from the 1g9/2 filled orbital into
orbitals above the Z = 50 closed shell (unperturbed energy
cost to create 2p-2h excitations, reduced through the extra
pairing energy, besides including the monopole shift for these
2p-2h excitations, as well as, the major and systematic energy
gain through the increased proton-neutron correlations), gave
rise [73,83] to an expected crossing of the regular ground-

state for the lower mass values with a redistributed proton
occupation at N ∼ 60.

There is a particular interesting situation appearing in the
96Zr nucleus with respect to the increase in the excitation
energy of the 2+

1 state, as compared with both the lighter and
heavier mass Zr isotopes, with a strong drop in energy at A =
98 and the appearance of a transition into a different nuclear
structure regime where deformation has been shown to play a
major role. This is a point on which, with the present status
in the experimental data, no clear-cut answer is available as to
the precise microsocopic origin for this behavior. In the paper
of Togashi et al. [80], only proton occupation probabilities are
given, but neutron occupation ones are equally important. The
already mentioned shell-model calculations by Holt et al. [74]
and Sieja et al. [75] with different model spaces, treating the
2p1/2, 1g9/2 proton shells and the full 50–82 neutron model
space in the former study (N = 52 up to N = 60 nuclei) and
using the larger proton model space in the latter, in which the
58Ni nucleus is used as the core nucleus, leading to the use of
the proton 1f5/2, 2p1/2, 2p3/2, 1g9/2 orbitals, as well as the full
50–82 model space when treating the N = 50 up to N = 58
Zr isotopes, reach very much the same results.

The interesting point is that in both papers, the occupation
numbers for the different proton and neutron orbitals as a
function of neutron number are presented. The calculations
of Sieja et al. [75] obtain clear indications for the fact that for
the 0+

1,2 states, the occupation of the proton 1g9/2 orbital has
on average ∼1.5 as occupation, with an increase in 96Zr up to
∼2, while for the neutron 3s1/2 orbital the occupation for the
0+

2 state is increasing from ∼0.1 in A = 92–94 up to ∼0.6 and
0.7 for A = 96 and 98, respectively. This hints to a situation
that ressembles what happens in 90Zr (see Fig. 50 in Ref. [6])
where the bump up in the 2+

1 excitation energy largely results
because of a depression in the energy of the unperturbed
lowest 0+ configuration. This is a typical situation that arises
whenever a high-j orbital and a low-spin j = 1/2 orbital
appear next to each other which happens in particular near
singly closed shell nuclei. This implies the presence of 2p-2h
(and even more complex repartitions) within the shell-model
context, implying the introduction of specific correlations that
can be at the basis of making collective effect possible in
these Zr nuclei, as was pointed out already implicitly in the
early work of Federman and Pittel [66], Federman et al. [67],
Federman and Pittel [68]. Two-neutron and α particle transfer
data for the Zr isotopes, as described in Fig. 29 of Ref. [6], are
indicative of the presence of pairing collectivity for both the
0+

1 ground state as well as for the first excited 0+
2 state, con-

sistent with the results from shell-model calculations [74,75]
as indicated by the respective proton and neutron occupation
numbers in the various orbitals. One observes an almost equal
population into 96Zr and onwards, even a dominant contribu-
tion to the 0+

2 state in 98Zr. In this respect, (2n, α) transfer
reactions are of major importance in elucidating the precise
decomposition of the wave functions for the Zr isotopes.

In view of the increasing collective contribution to the
observed low-lying excited state structure moving into the
neutron-rich region when approaching A = 98 and beyond,
attempts have been made using the Interacting Boson model,
including the possibility of including mp-nh excitations
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(IBM-CM) to study the Zr. For example in Ref. [84] such a
study has been carried out using only a single configuration,
concentrating on the low-energy spectra and, more in partic-
ular, in the description of the two-neutron separation energy
[85,86].

B. Mean-field studies: Five-dimensional collective Hamiltonian,
general Bohr Hamiltonian, and generator coordinate

method using various forces

The mass A ≈ 100 region has been extensively studied
using self-consistent methods, in particular, concentrating on
the way changes in the nuclear overall shape properties have
been observed in the Kr, Sr, Zr, and Mo isotopes.

There are various approaches, such as the early HFB
method, which resulted in what was called the complex Ex-
cited Vampir variational approach, and effective interaction
starting from the Bonn A potential, within a large model
space [87], covering in particular the A = 98–110 Zr isotopes,
mainly concentrating on the energy spectra and its deforma-
tion characteristics.

Extensive discussions concerning shape evolution in the
Kr, Zr, and Sr isotopes have been carried out using covariant
density functional theory (CDFT) within the relativistic HFB
picture. Nomura et al. [88] also showed that starting from
the Gogny energy density functional within the framework
of the HFB theory, an extensive mapping of the total energy
surfaces for the Zr isotopes, spanning the mass interval N =
54 (A = 94) up to N = 70 (A = 110), indicated an onset of
deformation, starting at A = 98, moving through a triaxial
region with a deformed minimum developing from A = 102
and onwards up to mass A = 110. No spectroscopic data are
calculated but the mean-field is used to construct an IBM-CM
Hamiltonian through a mapping of the energy surface onto the
IBM-CM energy surface.

Calculations using a generalized Bohr Hamiltonian, con-
structed through a reduction of the Hill-Wheeler generator
coordinate method (GCM) equation using a Gaussian overlap
approximation (GOA) by Delaroche et al. [12] have been
carried out for a larger part of the nuclear mass table, including
the Zr isotopes. Calculations starting from HFB angular mo-
mentum projected states, solving the Hill-Wheeler equations,
allow to calculate the energy surfaces and energy spectra can
be calculated over the full (β, γ ) plane and have been tested in
particular in the Mg region as proof of principal. These exact
studies have been used and the results for the Zr nuclei have
been presented for the Zr isotopes, as in the paper by Paul
et al. [58], comparing the experimental data with the three
different theoretical approaches and coming to the conclusion
that the GOA reduction to a five-dimensional Bohr Hamilto-
nian (5DCH), with the solutions of solving the Hill-Wheeler
equations, or using somewhat different approaches in solving
the Hill-Wheeler equations, by Bender and Heenen [89] using
the SLyMR00 version of the Skyrme force [11,89–91]), as
well as by Borrajo et al. [92], Rodríguez and Egido [93], using
the Gogny D1S force, exhibit an overall similar variation on
the 2+

1 and the R42 ratio (E(4+
1 )/E(2+

1 )) for the whole Zr
isotopic series known at present. Still, some differences show
up, in particular for the R42 ratio.

Recently, constrained Hartree-Fock calculations have been
carried out for the whole sequence of the Zr isotopes, spanning
from N = 40 up to the N = 82 neutron closed shell in which
indications for a sequence is obtained, first of spherical shape
up to N = 56, with the onset of prolate deformation moving
up to N = 72, changing again into oblate shapes at N = 74,
coming back to spherical shapes approaching the N = 82
closed shell [94]. Here, attention has been given to the specific
effect that the tensor component of the interaction used in the
present study has on the shape evolution. Moreover, a recent
HF calcution for 86−122Zr can be found in Ref. [95], where
they conclude that nuclei with a spherical shape are obtained
for 86−96Zr, a prolate deformation is obtained for 98−112Zr, an
oblate shape appears in 114−120Zr and, finally, for 122Zr the
spherical shape is recovered.

In view of more recent increased computing power, full
symmetry conserving configuration mixing calculations of
deformed intrinsic states have been carried out by Rodríguez-
Guzmán et al. [96] within the HFB framework, allowing to
handle both the axial and triaxial degrees of freedom on equal
footing and with application to the heavier Zr isotopes (A ≈
110) [92]. We should mention the efforts carried out to obtain
a microscopic derivation of a quadrupole Hamiltonian, with
particular attention given to the issue of shape coexistence as
well as the mixing dynamics by Matsuyanagi et al. [94], with
applications to the Kr, Sr, and Zr region.

It is clear that very large efforts have been invested to
explore the power of self-consistent beyond mean-field calcu-
lations, allowing to uncover some of the more salient features
on nuclear shapes, indicating a transition into a region of
strongly deformed nuclei (see Sec. II on data and Fig. 1 with
the energy spectra systematics).

IV. THE INTERACTING BOSON MODEL WITH
CONFIGURATION MIXING FORMALISM

A. The formalism

The IBM-CM is a natural extension of the original IBM
proposed by Iachello and Arima [97] that is ideal to treat
simultaneously and in a consistent way several boson con-
figurations which correspond to different particle-hole (p-h)
excitations across the shell closure [98,99]. In the particular
case of Zr isotopes, the model space includes the regular
proton 0p configurations, assuming Z = 40 as a closed shell,
and a number of valence neutrons outside of the N = 50
closed shells (this is the standard IBM treatment for the Zr
even-even nuclei) as well as the proton 2h-2p configurations
and the same number of valence neutrons corresponding to
an extended [N] ⊕ [N + 2] boson space, where N is the
boson number, corresponding to the number of active pro-
tons outside the Z = 40, zero in the case of Zr, plus the
number of valence neutrons outside the N = 50 closed shell,
counting both proton holes and particles, divided by 2. Since
such fermion excitations across the Z = 40 proton sub-shell
closure, considered in the present IBM approach are treated as
genuine s and d bosons, this implicitly assumes that the lowest
S (0+

1 ) two-hole shell-model configuration as well as the
lowest D (2+

1 ) shell-model configuration have the microscopic
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structure of the used s and d proton-like bosons. Therefore, the
complete Hamiltonian, assuming two different sectors in the
boson space can be written as

Ĥ = P̂†
N ĤN

ecqf P̂N + P̂†
N+2

(
ĤN+2

ecqf + �N+2
)
P̂N+2 + V̂ N,N+2

mix ,

(1)

where P̂N and P̂N+2 are projection operators onto the [N] and
the [N + 2] boson spaces, respectively, V̂ N,N+2

mix describes the
mixing between the [N] and the [N + 2] boson subspaces, and

Ĥ i
ecqf = εin̂d + κ ′

i L̂ · L̂ + κiQ̂(χi ) · Q̂(χi), (2)

is a simplified form of the general IBM Hamiltonian called
extended consistent-Q Hamiltonian (ECQF) [100,101] with
i = N, N + 2, being n̂d the d boson number operator,

L̂μ = [d† × d̃](1)
μ , (3)

the angular momentum operator, and

Q̂μ(χi ) = [s† × d̃ + d† × s](2)
μ + χi[d

† × d̃](2)
μ , (4)

the quadrupole operator. This approach has been proven to
be a good approximation in several recent papers on Pt
[102–104], Hg [105,106] and Po isotopes [107,108].

The parameter �N+2 can be understood as the energy
needed to excite two proton particles across the Z = 40 shell
gap, giving rise to 2p-2h excitations, corrected with the pair-
ing interaction gain and including monopole effects [73,83].
The operator V̂ N,N+2

mix describes the mixing between the N and
the N + 2 configurations and is defined as

V̂ N,N+2
mix = ωN,N+2

0 (s† × s† + s × s)

+ ωN,N+2
2 (d† × d† + d̃ × d̃ )(0). (5)

Note that it is customary to consider the two coefficients as
equal, ωN,N+2

0 = ωN,N+2
2 = ω.

The E2 transition operator for two-configuration mixing is
defined as the sum of the contribution for both sectors,

T̂ (E2)μ =
∑

i=N,N+2

eiP̂
†
i Q̂μ(χi )P̂i , (6)

where the ei (i = N, N + 2) are the effective boson charges
and Q̂μ(χi ) the quadrupole operator defined in Eq. (4), there-
fore being the same in the Hamiltonian Eq. (2) and in the
T̂ (E2) operator Eq. (6). Note that every term only affects to a
given sector and there are no crossing contributions between
both sectors.

The former operators, Hamiltonian and T̂ (E2) operator,
present a set of free parameters that should be fixed following
the procedure that will be described in Sec. IV B.

Once the Hamiltonian is diagonalized, the resulting wave
functions, within the IBM-CM, can be written as

�(k, JM ) =
∑

i

ak
i (J; N )ψ

[
(sd )N

i ; JM
]

+
∑

j

bk
j (J; N + 2)ψ

(
(sd )N+2

j ; JM
)
, (7)

where k refers to the different states with a given J , while i
and j run over the bases of the [N] and [N + 2] sectors, re-
spectively. The weight of the wave function contained within

the [N]-boson subspace, can then be defined as the sum of the
squared amplitudes,

wk (J, N ) ≡
∑

i

∣∣ak
i (J; N )

∣∣2
. (8)

Likewise, one obtains the content in the [N + 2]-boson sub-
space.

B. The fitting procedure: Energy spectra and absolute B(E2)
reduced transition probabilities

In this section we explain in detail how the parameters of
the Hamiltonian Eqs. (1), (2), (4), and (5) and the effective
charges in the T̂ (E2) transition operator Eq. (6) have been
determined.

We study the range 94Zr to 110Zr, thereby, covering almost
the whole first half of the neutron shell N = 50–82 and part of
the second. Note that we do not consider the isotopes 90−92Zr
because they are too close to the shell closure, N = 50, and,
therefore, the IBM calculations are not reliable enough.

In the fitting procedure carried out here, we try to obtain the
best overall agreement with the experimental data including
both the excitation energies and the B(E2) reduced transition
probabilities. Using the expression of the IBM-CM Hamilto-
nian, as given in Eq. (1), and of the E2 operator, as given in
Eq. (6), in the most general case 12 parameters are necessary.
We impose as a constraint to obtain parameters that change
smoothly in passing from isotope to isotope. Moreover, we
try to keep as many parameters as possible at a constant
value. However, the closeness of the N = 50 shell closure
and the subshell closure for N = 56, related with the filling
of the 2d5/2 orbital, strongly perturbs the value of several
parameters. As a matter of fact, the value of the mixing
part, ω, cannot be kept constant, but it changes for A = 94
(ω = 150 keV) with respect to the rest of the isotope chain
(ω = 15 keV), and the value of �N+2 also evolves, being
larger for the lightest isotopes, around �N+2 = 3200 keV and
it drops down to �N+2 = 820 keV for the majority of isotopes.
A microscopic study of the variation in the energy cost to
move nucleons from normal ordering into a 2p-2h excitation
across the Z = 40 closed shell has been performed basing on
the combined effect of the energy gap, the pairing energy and
the monopole shift in the proton single-particle energies as
shown in Figs. 14 and 15 of Ref. [73]. It explains the drop
in the value of � as used in the present study. Besides, the
coefficients κ ′

N and κ ′
N+2 can be taken to vanish for 100−110Zr,

but they result in a nonzero value for 94−98Zr.
The χ2 test is used in the fitting procedure to extract the

optimal solution. The χ2 function is defined in the standard
way as

χ2 = 1

Ndata − Npar

Ndata∑
i=1

[Xi(data) − Xi(IBM)]2

σ 2
i

, (9)

where Ndata is the number of experimental data, Npar is the
number of parameters used in the IBM fit, Xi(data) describes
the experimental excitation energy of a given excited state
[or an experimental B(E2) value], Xi(IBM) denotes the cor-
responding calculated IBM-CM value, and σi is an error
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TABLE II. Energy levels, character-
ized by Jπ

i , included in the energy fit
for the case of 94Zr and the assigned σ

values in keV. A similar set of levels,
but not the same, is adopted for each
isotope.

Error (keV) States

σ = 1 2+
1

σ = 10 4+
1 , 0+

2 , 2+
2 , 4+

2

σ = 100 2+
3 , 2+

4 , 3+
1 , 4+

3 , 4+
4

(theoretical) assigned to each Xi(data) point. We minimize
the χ2 function for each isotope separately using the package
MINUIT [109] which allows to minimize any multivariable
function.

As input values, we start from the excitation energies of
the levels corresponding to those levels presented in Table II,
although only the particular case of 94Zr is presented. In this
table we also give the corresponding σ values. In the heavier
Zr isotopes, a similar set of states is considered, although
in every isotope differences are established, concerning the
considered states and the value of σ , to allow a smooth con-
vergence of the fitting procedure. We stress that the σ values
do not correspond to experimental error bars, but they are
related with the expected accuracy of the IBM-CM calculation
to reproduce a particular experimental data point. Thus, they
lead the calculation into a smooth convergence toward the
corresponding experimental level. Note that we have only
considered states in the fit with angular momentum and parity
that are unambiguously determined, unless they are assumed
to do not exhibit a collective behavior.

For the E2 transitions rates, we have used the available
experimental data involving the states presented in Table II,
but not only restricted to those E2 transitions for which
absolute B(E2) values are known, except if serious hints that
the states involved present noncollective degrees of freedom
exist. Additionally, we have taken a value of σ that corre-
sponds to 10% of the B(E2) values or to the experimental
error bar if larger, except for the transition 2+

1 → 0+
1 where a

smaller value of σ (0.1 W.u.) was taken, thereby normalizing,
in most of cases, our calculated values to the experimental
B(E2; 2+

1 → 0+
1 ) value. All the considered transitions can be

found in Table IV.
The resulting values of the parameters for the IBM-CM

Hamiltonian and T̂ (E2) operator, are given in Table III. In
this Table certain parameters could not be determined from the
experimental information. In particular, the parameters corre-
sponding to the regular sector of 104−110Zr because all known
experimental states belong to the intruder sector, therefore, we
have assumed to use the same values as for 102Zr. The same
happens for the intruder effective charge of 108−110Zr which
was taken from 106Zr.

C. Correlation energy in the configuration mixing approach

The intruder states are expected to appear at energies well
above the regular ones with identical angular momentum. The
reason is that it is needed to provide the necessary energy
to promote a pair of protons across the Z = 40 shell gap,
corrected because of the strong pairing energy gain when
forming two extra 0+ coupled (particle and hole) pairs. In
the case of Zr this value is �N+2 = 3200 keV for 94Zr but
steadily decreases down to �N+2 = 820 keV for 100Zr and
onward. However, this energy should be strongly corrected by
the quadrupole energy gain when opening up the proton shell,
as well as by the monopole correction caused by a change in
the single-particle energy gap at Z = 40 as a function of the
neutron number [73]. In particular, around midshell, N = 66,
where the number of active valence nucleons is maximal,
one expects to observe a larger correction. In certain isotope
chains, the correction is so large that the intruder configuration
can become the ground state of the system, as it happens in Pt
and Po nuclei around the midshell, while in Hg and Pb, the
intruder states never go below the regular configurations.

According to the energy and the transition rate systematics,
it is not always simple, or even possible, to assign a well
defined character, either regular or intruder, to every state.
This is particularly difficult in the case of a strong mixing
between both families of states. A possible solution is to
use the IBM-CM calculation, once the free parameters have

TABLE III. Hamiltonian and T̂ (E2) parameters resulting from the present study. All quantities have the dimension of energy (given in
keV), except χN and χN+2, which are dimensionless and eN and eN+2 which are given in units

√
W.u.. The used number of bosons for the

regular and the intruder sector, respectively, is indicated in the first column.

Nucleus (N,N+2) εN κN χN κ ′
N εN+2 κN+2 χN+2 κ ′

N+2 ω � eN eN+2

94Zr (2,4) 1201 −0.00 1.30 −39.93 0.1 −26.32 −2.35 21.97 150 3200 2.01 −1.36
96Zr (3,5) 1800 −34.41 1.82 25.12 333.2 −29.18 0.09 −4.50 15 2000 0.90 3.35
98Zr (4,6) 1044 −25.23 1.80 78.71 439.6 −14.32 0.67 26.48 15 814 1.55 3.11
100Zr (5,7) 1063 −23.26 2.53 0.00 438.3 −28.76 −0.95 0.00 15 820 0.46 2.26
102Zr (6,8) 1050 −23.58 2.46 0.00 337.9 −32.01 −0.68 0.00 15 820 0.46 2.32
104Zr (7,9) 1050a −23.58a 2.46a 0.00a 616.5 −32.00 −1.35 0.00 15 820 0.46a 2.04
106Zr (8,10) 1050a −23.58a 2.46a 0.00a 580.5 −31.03 −0.93 0.00 15 820 0.46a 1.79
108Zr (7,9) 1050a −23.58a 2.46a 0.00a 540.2 −30.00 −0.90 0.00 15 820 0.46a 1.79b

110Zr (6,8) 1050a −23.58a 2.46a 0.00a 498.9 −32.00 −0.90 0.00 15 820 0.46a 1.79b

aHamiltonian and T̂ (E2) parameters for the regular sector taken from 102Zr.
bEffective charge for the intruder sector taken from 106Zr.
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FIG. 3. Absolute energy of the lowest unperturbed regular and
intruder 0+

1 states for 94−110Zr. The arrows correspond to the corre-
lation energies in the N and N + 2 subspaces (see also the text for a
more detailed discussion).

been fixed, switching off the mixing term in the Hamiltonian,
thereby, setting ω = 0. Doing so we can calculate explicitly
the “absolute” energy of the lowest 0+ state belonging to both
the regular [N] and [N + 2] intruder configuration spaces. We
use as a reference the energy of a purely vibrational regular
Hamiltonian (all the parameters vanish except εN > 0), which
corresponds to the horizontal red dotted line in Fig. 3. The
energy needed to create the extra pair of bosons across the
shell gap is the upper green dotted line in Fig. 3. The energy
difference between both lines corresponds to the value of
�N+2. The energy of the 0+ state in the regular sector, [N],
is below the red dotted line, which is a consequence of
the correlation energy that lowers the energy with respect
to the vibrational situation. The same happens for the case
of the lowest 0+ intruder state with respect to the green
dotted line. The regular configuration corresponds to a slightly
deformed shape, while the intruder one to a much more de-
formed one. This explains why the correlation energy gained
by the intruder state is much larger than the one gained by
the regular one. The reason is twofold. On one hand, the part
of the Hamiltonian acting on the intruder sector presents a
much stronger quadrupole interaction as compared with the
regular one. Consequently, it induces a larger deformation. On
the other hand, the effective number of bosons in the intruder
sector is two units larger than that in the regular one, which, as
a matter of fact, also contributes to a larger deformation and
larger correlation energy in the intruder sector. The relative
position of these lowest regular and intruder states is plotted in
Fig. 3. This explains why the energies of both configurations
cross at N = 100 and the intruder configuration becomes
the lower configuration for this isotope and onwards. Conse-
quently, the relative position of both configurations depends

96 100 104 108
A

-1

0

1

2

3

4

E 
(M

eV
)

0+

2+

3+

4+

5+

6+

8+

FIG. 4. Energy spectra for the IBM-CM Hamiltonian presented
in Table III, switching off the mixing term. The two lowest-
lying regular states and the lowest-lying intruder state for each of
the angular momenta are shown (full lines with closed symbols
for the regular states while dashed lines with open symbols are used
for the intruder ones).

on the balance between the off-set, �N+2, and the difference
in the correlation energy E (N + 2)corr − E (N )corr.

In a detailed way, one can see how the position of the
intruder configuration drops rapidly reaching its minimum at
the midshell because, on one hand, the off-set, �N+2, reduces
and, on the other hand, because the number of effective bosons
increases. The position of the regular configuration remains
rather stable because the Hamiltonian corresponding to this
sector generates spherical shapes. In the case of A = 94, the
correlation energy of the intruder configuration is quite large
while almost zero for the regular one. For A = 96 and 98 both
contributions are almost equal. However, from A = 100 and
onwards the correlation energy for the intruder configuration
is much larger as compared with the correlation energy for the
regular configuration.

To complement the above analysis, we can also consider
the energy systematics for the complete spectra. The
uncoupled N and N + 2 boson systems, as shown in Fig. 4,
are extremely valuable to highlight whether a parabolic
behavior is obtained for the intruder state energy systematics.
In Fig. 4 the energy systematics for levels below 4.5 MeV
is depicted, considering two regular and two intruder states
per angular momentum. As it is customary, the energies are
referred to the energy of the first 0+ regular state. In this
figure, the regular states (full lines) present a large kink at
A = 96 due to the d5/2 subshell filling, already mentioned
before, and then a much more flat behavior from A = 100
and onwards, although showing a small dip right at midshell,
A = 106. Concerning the intruder states (dashed lines), they
exhibit the expected parabolic behavior, although, in this
case, the minimum of the energy happens at A = 104 and not
at midshell and, moreover, instead of a smooth parabola it
presents an inverted peak. The reason is once more to be seen
in Fig. 3, where the regular states indicate a rapid decrease
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FIG. 5. Experimental excitation energies (up to E ≈ 3.0 MeV)
(a) and the theoretical results (b), obtained from the IBM-CM.

moving from A = 104 to 106 as compared with the intruder
states. Note that most probably this fact has been generated
because of having taken the same Hamiltonian parameters
in the regular sector for A = 104 − 110 than for A = 102,
because the lack of experimental information.

D. Detailed comparison between the experimental data and the
IBM-CM results: Energy spectra and E2 transition rates

In this section, we compare in detail the experimental
energy spectra with the theoretical ones up to an excitation
energy below E ≈ 3.0 MeV. In Fig. 5(a) we plot the experi-
mental data set, while in Fig. 5(b) the theoretical values are
depicted. First, one notices how the theoretical energy of the
2+

1 state closely follows the experimental one which is the
result of the use of these energies as the normalization energy,
resulting from imposing a small value of σ for this particular
energy level in the fitting procedure. The energies from A =
94 to A = 98 are strongly affected by the subshell closure at
A = 96 which is the reason for the peak appearing at this mass
number, and is perfectly reproduced by the theoretical calcu-
lations. The drop of the energies down to A = 100 is due to the
onset of deformation which induces a much more compressed
spectrum. Once the region A = 104–110 is reached, only
few experimental levels are known, corresponding to intruder
states. On the theoretical side, the flat energy systematics
is very well reproduced but other states, which are indeed
regular ones, do also become visible. The precise position of
these regular states should be considered as only qualitative
because the regular parts of the Hamiltonian for these isotopes
have been considered as identical to A = 102, because of
the lack of experimental information. The IBM-CM results,
in this respect, can be used as predictions for the presence
of such states. The position of the peak at A = 104 can be
understood by considering the behavior of Fig. 3, where one
notices that both curves -the regular and the intruder band
head energies- exhibit a minimum at A = 106, but in the
case of the intruder state, the energy for A = 104 and 106
is almost the same, while for the regular one, the energy for
A = 104 is well above that of A = 106. We further emphasize
the presence of a second 2+ state for A = 106 and 110 on the

96 100 104 108
A
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200

B
(E

2)
 (W

.u
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+
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+

96 100 104 108
A

(a) (b)

FIG. 6. Comparison of the absolute B(E2) reduced transition
probabilities along the yrast band, given in W.u. Panel (a) corre-
sponds to known experimental data and panel (b) to the theoretical
IBM-CM results.

experimental side, states that do not appear in the theoretical
energy spectra. Most probably, these states correspond to 4p-
4h excitations that are not considered in the IBM-CM Hilbert
space used in the present paper.

Next, we carry out a comparison for the B(E2) values,
which reveal whether a consistent set of wave functions is gen-
erated in the IBM-CM calculation or not. The experimental
information is extensive for some nuclei, while scarce for oth-
ers. However, an extensive experimental program is providing
new experimental information (see, for example, Ref. [44]).
In Figs. 6 and 7 we compare the B(E2) reduced transition
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B
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+
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FIG. 7. Comparison of few nonyrast intraband absolute B(E2)
reduced transition probabilities, given in W.u. Panel (a) corresponds
to the few known experimental data, panel (b) to the theoretical IBM-
CM results.
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TABLE IV. Comparison of the experimental absolute B(E2)
values (given in W.u.) with the IBM-CM Hamiltonian results. Data
are taken from the corresponding Nuclear Data Sheets [18–25],
complemented with references given in the table footnotes.

Isotope Transition Experiment IBM-CM

94Zr 2+
1 → 0+

1 4.9(3) 4.9
0+

2 → 2+
1 9.4(4) 10.6

4+
1 → 2+

1 0.879(23) 1.7
2+

2 → 0+
2 19(2)a 21

2+
2 → 2+

1 0.06(+0.13
−0.06)a 0.05

2+
2 → 0+

1 3.9(3)a 1.9
4+

2 → 2+
2 34(+10

−17)a 13
4+

2 → 2+
1 13(+4

−7)a 9
96Zr 2+

1 → 0+
1 2.3(3) 2.3

3+
1 → 2+

1 0.1(+0.3
−0.1) 0.06

2+
3 → 2+

1 50(7) 46
0+

3 → 2+
2 34(9) 16

4+
2 → 2+

2 56(44) 0
4+

2 → 2+
1 16(+5

−13) 0
0+

4 → 2+
1 0.3(3) 0

0+
4 → 2+

2 1.8(14) 0
2+

2 → 0+
2 36(11)b 54

2+
2 → 0+

1 0.26(8)b 0.5
98Zr 2+

1 → 0+
1 2.9(6)c and �1.83d,e 9.6

2+
1 → 0+

2 28.3(65)c 32
4+

1 → 2+
1 43.3(138)c and �20.75d,e 59

4+
1 → 2+

2 67.5(216)c 67
6+

1 → 4+
1 103.0(357)c 143

0+
3 → 2+

1 51(5) 53
0+

4 → 2+
2 44(4) 42

0+
4 → 2+

1 0.107(14) 0.33
100Zr 2+

1 → 0+
1 74(4) 70

0+
2 → 2+

1 67(7) 64
4+

1 → 2+
1 103(9) 120

6+
1 → 4+

1 140(30) 128
8+

1 → 6+
1 124(13) 122

10+
1 → 8+

1 124(15) 105
6+

3 → 4+
2 0.011(3) 0.05

6+
3 → 4+

1 0.00019(6) 0
102Zr 2+

1 → 0+
1 105 (14) 109

4+
1 → 2+

1 167(+30
−22 )d 155

104Zr 2+
1 → 0+

1 139(+11
−13)f and 180(30)e 139

106Zr 2+
1 → 0+

1 104(3)f 104

aData taken from Ref. [31].
bData taken from Ref. [38].
cData taken from Ref. [44].
dData taken from Ref. [43].
eExperimental data not included in the fit.
fData taken from Ref. [52].

probabilities. We also present a more detailed comparison on
B(E2) values in Table IV.

In Fig. 6 we present the intraband B(E2) values for the
yrast band. In Fig. 6(a) the experimental data are depicted
while in Fig. 6(b) the theoretical ones are shown. We start
by emphasizing that the B(E2; 2+

1 → 0+
1 ) reduced transition

probability is used to normalize the theoretical calculations
and, consequently, these data are well reproduced by the
theoretical calculations. One notices that the increasing col-

lectivity when approaching the midshell, although with its
maximum at A = 104, is correctly reproduced by the IBM-
CM. At the theoretical side, one also observes an extra tiny
peak at A = 98 superimposed to the up sloping trend for
B(E2; 6+

1 → 4+
1 ) and B(E2; 8+

1 → 6+
1 ).

In Fig. 6 we depict two interband B(E2) values involving
the states 0+

2 , 2+
1 and 2+

2 , in Fig. 6(a) for the experimental
data while in Fig. 6(b) for the IBM-CM results. Consider-
ing the scarce available experimental information, it is not
possible to extract a well defined trend. At the theoretical
side, conclusions are not obvious to be made although the
agreement with the data is reasonable and two peaks are
observed, one at A = 96, corresponding to the d5/2 subshell
filling and the other at A = 104, corresponding to reaching
midshell. This behavior is pointing to a change in the structure
of the states 0+

2 , 2+
1 and 2+

2 , which is readily confirmed with
Fig. 10.

A more detailed comparison between experiment and the-
ory is presented in Table IV where all the available experimen-
tal information involving positive parity states is presented
and compared with the IBM-CM results. The agreement
between experiment and theory is noticeable and in most of
cases the theoretical values coincide with the experimental
data within the error bar, although in several cases the error
bar is too big. Note that the experimental B(E2) allows
to establish a stringent constraint on the Hamiltonian and
transition operator parameters. As a matter of fact, the very
large value of ω for A = 94 is due to the rather large B(E2)
values for interband transitions.

In Figs. 8 and 9 we present the experimental and theoretical
energy spectra (up to E ≈ 3 MeV) and all known absolute
B(E2) values for masses A = 94–104, which is the region
where the coexistence should be more evident and the most
rapid changes in energies and transition rates happen. The
way of plotting the different states has been, first, in terms
of an yrast band and, second, with a “band” built on a 0+ state
that include one state per angular momentum. In the case that
more states are known they have been grouped in an extra
“band.” The 0+

1 and 0+
2 states own a different nature, either

regular or intruder, but they could not share their nature with
the rest of states of the “band,” which means that states placed
on different bands can be strongly connected by a large B(E2)
value, or the other way around, i.e., states on the same band
could be weakly connected.

In the case of 94Zr, the shown B(E2) pattern indicates
the presence of a rather large mixing. The 2+

2 state is tightly
connected with the 0+

2 state, of mainly intruder nature, but,
at the same time, it also presents a sizable B(E2) value into
the ground state, which has a clear regular character. The
same also holds for the 4+

2 state which is connected with
two 2+ states of mixed character. In 96Zr the yrast band is
barely connected with the intruder states, except the 2+

1 state
that is connected with the 2+

3 and 4+
2 states, although in this

latter case the experimental data presents a large uncertainty,
compatible also with a rather small transition rate. However,
the 2+

2 state is strongly connected with 0+
2 , which points

toward the intruder character of both states. In 98Zr, the B(E2)
indicate hints for the presence of a deformed band made of
0+

2 , 2+
1 , 4+

1 , and 6+
1 states, while the ground state presents
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FIG. 8. Experimental excitation energies and absolute B(E2) transition rates for selected states in 94−104Zr.

a regular character and it is hardly connected with the rest
of states. The 0+

3 state is well connected with 2+
1 while 0+

4
with 2+

2 . In the rest of isotopes 100−104Zr both the energies
and the B(E2) values point toward the presence of a well
deformed and intruder yrast band and a set of nonyrast bands
of regular character. Note that all the fine details discussed
above are well described within the context of the IBM-CM
calculations.

E. Wave function structure: From the unperturbed
structure to configuration mixing

We start our analysis with the structure of the
configuration-mixed wave functions along the first few
levels, expressed as a function of the [N] and [N + 2] basis

states, as given in Eq. (7). In Figs. 10(a) and 10(b), we
present the weight of the wave functions contained within
the [N]-boson subspace, defined as the sum of the squared
amplitudes wk (J, N ) ≡ ∑

i |ak
i (J; N )|2, for both the yrast

states, k = 1, and the k = 2 states (the latter are indicated
with a dashed line) for spins Jπ = 0+, 2+, 3+, 4+ in Fig. 10(a)
and J = 5+, 6+, 7+, 8+ in Fig. 10(b). In Fig. 10(a) one notices
that the 0+

1 state has an almost pure regular character from
A = 94 up to A = 98, while from A = 100 and onwards the
character turns to be purely intruder. The 0+

2 state starts being
almost purely intruder for A = 94–98, but then it becomes
rather mixed, from A = 100 and onwards. The 2+

1 state
presents a clear trend, passing from being almost purely
regular for A = 94 into a purely intruder for A = 100 and
onward. The 2+

2 state has an almost complementary trend with

FIG. 9. Theoretical excitation energies and absolute B(E2) transition rates for selected states in 94−104Zr.
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FIG. 10. Regular content of the two lowest-lying states for each
J value (full lines with closed symbols correspond with the first state
while dashed lines with open symbols correspond with the second
state) resulting from the IBM-CM calculation, as presented in Fig. 5.

the 2+
1 state till A = 100, but then becomes purely intruder for

A = 102 and 104 and of mixed nature for A = 106–110. The
two 3+ states considered here present an intruder character
for the whole isotope chain. In the case of the 4+

1 state, this
state has a very large regular component for A = 94, but is
purely intruder from A = 96 and onwards. All the presented
4+ states have an almost intruder character for the major
part of isotopes, except for A = 106–108, where a rather
mixed character is shown. In the case of Fig. 10(b), the
two considered states for Jπ = 5+, 6+, 7+, and 8+ show an
intruder character for the whole chain, except the states 6+

2
and 8+

1 , for A = 106 and 108 which present a certain degree
of mixing, although keeping the intruder character.

To gain a deeper understanding on the systematics shown
in Fig. 10 it will be of interest to present at the same time
as the information on the wave function, the information on
the excitation energy. This is shown in Fig. 11 where we
plot the energy systematics as a function of mass for the four
lowest levels below 4 MeV per angular momentum and the
size of the dot is proportional to the value of the regular
component wk (J, N ). In the case of Fig. 11(a), corresponding
to J = 0 one can appreciate how the main part of the regular
component is moving from the ground state for A = 96–98
to higher-lying states in A = 100 and onwards. This can
also be understood as the crossing and eventually mixing of
several states with quite different character. For J = 2 and
J = 4 [Figs. 11(b) and 11(d)], the major part of the regular
component is distributed between several states, the first one
for A = 94, and the second, the third or the fourth for the rest,
or even into higher-lying states (not shown), as for example,
in the case of J = 4 for A = 96, 98, and 102. These results
can be understood because of the crossing of different states
relatively close in energy but with different nature. Finally, the
cases J = 3, 5, 6, 7, and 8 [Figs. 11(c), 11(e), 11(f), 11(g), and
11(h)], in the majority of cases, correspond with states with
an almost pure intruder character, being therefore the regular
states well above the intruder ones.
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FIG. 11. Energy systematics of the four lowest states below
4 MeV. The size of the symbol is proportional to the value of
wk (J, N ) (see text for details). Each panel corresponds to a given
angular momentum, (a) for J = 0, (b) for J = 2, (c) for J = 3, (d) for
J = 4, (e) for J = 5, (f) for J = 6, (g) for J = 7, and (h) for J = 8.

An additional decomposition of the wave function is ob-
tained by first calculating the wave functions within the N
subspace as

�(l, JM )reg
N =

∑
i

cl
i (J; N )ψ

[
(sd )N

i ; JM
]
, (10)

and likewise for the intruder (or N + 2 subspace) as

�(m, JM )int
N+2 =

∑
j

cm
j (J; N + 2)ψ

[
(sd )N+2

j ; JM
]
, (11)

defining an “intermediate” basis [110,111] that corresponds to
the states appearing in Fig. 4, where the mixing term, ω, was
canceled. This generates a set of bands within the 0p-0h and
2p-2h subspaces, corresponding to the unperturbed bands that
are extracted in schematic two-level phenomenological model
calculations (as discussed in Refs. [7,112–118]).

The overlaps N 〈l, JM | k, JM〉 and N+2〈m, JM | k, JM〉
can then be expressed as

N 〈l, JM | k, JM〉 =
∑

i

ak
i (J; N )cl

i (J; N ), (12)

and

N+2〈m, JM | k, JM〉 =
∑

j

bk
j (J; N + 2)cm

j (J; N + 2) (13)

[see Eqs. (10) and (11)].
In Fig. 12 we show these overlaps, but squared, where we

restrict ourselves to the first and second state (k = 1, 2) with
angular momentum Jπ = 0+, 2+, 3+, 4+, 5+, 6+, 7+, 8+, and
give the overlaps with the lowest three bands within the
regular (N ) and intruder (N + 2) spaces (l = 1, 2, 3 and m =
1, 2, 3). Since these figures are given as a function of mass
number, one obtains a graphical insight into the changing
wave function content. In the case of the first state, k = 1,
the 0+ states show up a sudden transition from the first
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FIG. 12. Overlap of the wave functions of Eq. (7), with the
wave functions describing the unperturbed basis Eqs. (10) and (11).
(a) Overlaps for first 0+, 2+, 3+, 4+; 5+, 6+, 7+, 8+ state; (b) over-
laps for the corresponding second state (see also text).

regular component (A = 94–98) to the first intruder one (A =
100–110); the 2+ states present a large overlap with the
first regular component in A = 94, there is an almost 50%
mixing of the first regular and the first intruder component
in A = 96 and 98, and it moves into a large first intruder
component in A = 100 and onwards; the 4+ state corresponds
to the first regular component in A = 94, but it presents a
complete overlap with the first intruder state in the rest of
the isotope chain; the rest of angular momenta always present
a large overlap with the first intruder state except the 6+
state in A = 94 were the overlap is with the first and the
second intruder state. Passing to the second states (k = 2),
the 0+ state is mainly of intruder character for A = 94, 96,
and 98, with a combination of several intruder components at
A = 94, whereas at A = 96–98 a large overlap with the second
intruder state results. In the nucleus with A = 100, there is
a strong overlap with the first regular state. The region A =
102–110 corresponds to an overlap with the first regular and
the second intruder states, but with an increasing overlap with
the regular state as A increases. Here, the 2+ states show a
very similar qualitative behavior to 0+, but with a full overlap
with the second intruder state for A = 102 and 104; the 4+
state corresponds in A = 94 to a mixture between the first
regular and the first and second intruder states, in the case of

A = 96–104 and 110 the overlap is complete with the second
intruder state, while for A = 106–108 presents a 50% mixing
between the first regular and the second intruder state; the rest
of angular momenta all correspond to a large overlap with
the second intruder state, except J+ = 6+ in A = 94 which
presents a mixture between the first and the second intruder
states.

The lack of overlap for some masses and angular momenta
is due to the small size of the basis in theses cases, for example
the dimension of the Hilbert space for J+ = 3+ in A = 94 is
1 and this state sits in the intruder sector, which is the reason
why the overlap with the first intruder state is 100% in the case
of k = 1 and no overlap is shown for k = 2.

Summarizing, Fig. 12 shows the predominance of the
intruder sector in low-lying states, except for J+ = 0+ and
2+ where a large mixing appears and for 4+, where there is
certain overlap with the first regular state, but the main overlap
is with the first intruder one.

V. STUDY OF OTHER OBSERVABLES: RADII, ISOTOPIC
SHIFTS, E0 TRANSITION RATES, AND TWO-NEUTRON

SEPARATION ENERGIES

A. Radii, isotopic shifts, and E0 transitions

Nuclear radii provide direct information on the evolution
of nuclear deformation, as shown in Fig. 2(a), where one
observes a sudden increase of the nuclear radius when passing
from 99Zr to 100Zr, as well as in the rest of nuclei of this mass
region at N = 60. Experimental information on radii, for both
even-even and even-odd nuclei, can be found in Ref. [119] and
in this section we will confront the IBM-CM predictions with
the experimental data.

To calculate the nuclear radius, we have used the standard
IBM-CM expression,

r2 = r2
c + P̂†

N (γN N̂ + βN n̂d )P̂N

+ P̂†
N+2(γN+2N̂ + βN+2n̂d )P̂N+2. (14)

The four parameters appearing in this expression have been
fitted to the experimental data, corresponding to the radii of
the A = 94–106 even-even Zr isotopes [119], starting from
the Hamiltonian parameters already extracted and discussed
in Sec. IV B (see Table III). We only consider nuclei in
the first part of the nuclear shell N = 50–82, namely, up to
A = 106, on one hand, because experimental data are only
known till A = 104 (see Ref. [119]) and, on the other hand,
because the parameters appearing in Eq. (14) could change
when crossing midshell, in a similar way to what happens
for the case of S2n (see Ref. [120] for details). Moreover,
if they are assumed to be equal, the following transforma-
tion holds, β

(2)
N = β

(1)
N , β

(2)
N+2 = β

(1)
N+2, γ

(2)
N = −γ

(1)
N , γ

(2)
N+2 =

−γ
(1)

N+2, where the superindex (1) refers to the first half part
of the shell while (2) to the second. Besides, to avoid a
discontinuity when crossing the midshell, it is needed to add
to the value of r2, in the second half of the shell, the term
γ

(1)
N N0ω + γ

(1)
N+2(N0 + 4)(1 − ω), where N0 is the number of

bosons at the midshell and w = w1(0, N ) [see Eq. (8)] the
regular content of the ground state. The resulting values are
γN = 0.245 fm2, βN = 0.195 fm2, γN+2 = 0.275 fm2, and
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FIG. 13. (a) Charge mean-square radii for the Zr nuclei. (b) Iso-
topic shift for the Zr nuclei. The data are taken from the column
corresponding to optical isotope shifts of Ref. [119].

βN+2 = −0.09 fm2. In determining these parameters, we took
as reference point the value of the radius of 90Zr.

In Fig. 13(a), the value of the charge mean-square radius
is depicted. One notices the rapid increase of the radius in
moving from A = 98 to A = 100 (N = 60). The change is
more clearly observed in Fig. 13(b) of this figure, in which
the isotopic shift is depicted. In particular, its value starts
from ≈0.3 fm2 in 96Zr to ≈0.7 fm2 in 98Zr, decreasing to
0.3 fm2 in 100Zr, pointing out a sudden change of deformation
in 100Zr. To have an idea of how big this change is, it is
worth mentioning that in the well-known region of lead, where
shape coexistence plays a major role, in the Pt nuclei, the
maximum change of the isotopic shift is ≈0.07 fm2, in Hg
≈0.02 fm2, while in Po ≈0.05 fm2. The agreement between
theory and experiments is satisfactory in spite of the small
error bars. This points toward an appropriate description of
the ground-state wave functions, in particular, regarding the
balance between regular and intruder sectors, but also regard-
ing the deformation. We can also provide the value of the
radius for the two isotopes, A = 104 and 106, for which no
experimental information concerning radii is available. The
value of r2 (relative to 90Zr) is 2.15 fm2 and 2.45 fm2 for
104Zr and 106Zr, respectively.

Once the parameters appearing in Eq. (14) have been fixed,
it is also possible to calculate the ρ2(E0) transition rates, as
shown in Ref. [121]. In particular, the transition operator can
be defined as

T (E0) = (enN + epZ )r2, (15)

where we take as effective charges, the standard ones, namely,
en = 0.5e and ep = 1e [26], being e the proton charge. It is
customary to use the derived quantity ρ2(E0), defined as

ρ2(E0)Ji→Jj =
( 〈Ji|r2|Jj〉

eR2

)2

, (16)

where R = 1.2A1/3 fm. Moreover, we emphasize the experi-
mental variation in the value of ρ2(E0), which is directly con-
nected with the isomeric shift, �〈r2〉, between the first excited
state, 0+

2 , and the ground-state, 0+
1 . We refer to the study by

TABLE V. Comparison of experimental [26,27] and theoretical
values of ρ2(E0) values given in milliunits.

Isotope Transition 103ρ2(E0) (Exp) 103ρ2(E0) (Theo)

94Zr 0+
2 → 0+

1 11.5 (11) 8.9
96Zr 0+

2 → 0+
1 7.57 (14) 3.7

98Zr 0+
2 → 0+

1 11.2 (12) 21
98Zr 0+

3 → 0+
2 76 (6) 13

98Zr 0+
4 → 0+

3 61 (8) 7.4
100Zr 0+

2 → 0+
1 108 (19) 150

Zerguine et al. [121] who also carried out IBM calculations,
however not including configuration mixing. This implies
that there is no contribution from the N̂ term of Eq. (14)
to the value of ρ2(E0). But, when considering configuration
mixing, the N̂ term generates a nonvanish contribution from
the mixing between regular and intruder sectors in the wave
function. In Table V, we present the theoretical results that
are compared with the available experimental information,
taken from Refs. [26,27]. The data on ρ2(E0) (0+

2 → 0+
1 )

exhibit a strong increase from 90Zr onwards, reaching the
value of 108(19) milliunits in 100Zr. This pattern is illustrated
in Figs. 9 and 10 of Ref. [26]. This is given a hint for a strong
change in the underlying structure of the 0+

1,2 states in the
Zr isotopes when moving from N = 50 toward N = 60. We
observe a rather good agreement with the experimental results
concerning the transition 0+

2 → 0+
1 . However, when other

high-lying 0+ states are involved in the transition, such as 0+
3

and 0+
4 , the agreement is no longer so good. In particular, the

predicted values for 98Zr are too small, which points toward a
bad description of the particular states 0+

3 and 0+
4 .

B. Two-neutron separation energies

Two-neutron separation energies, S2n, have been tradition-
ally used as an indicator of the existence of quantum phase
transitions (QPTs) [122] and, in general, they also serve as
a hint for the onset of deformation. Indeed, in Ref. [84], the
chain of Zr isotopes was studied, using the IBM with a single
configuration, paying special attention to the systematics of
S2n as an indicator of the appearance of a QPT at A ≈ 100,
but also of the onset of deformation.

The definition of S2n involves the binding energy of two
neighboring nuclei separated by two units of mass, as written
in this equation,

S2n(A) = BE(A) − BE(A − 2). (17)

where BE denotes the binding energy of the nucleus. Note
that to calculate the value of S2n, one has to add to the binding
energy extracted considering the IBM-CM, a linear trend due
to the bulk (or global) contribution from the Hamiltonian
that does not affect the energy spectrum. This term results
from a liquid drop model contribution. In the case of a single
configuration it is customary to assume the expression,

S2n(N ) = A + BN + BElo(N ) − BElo(N − 1), (18)

where BElo is the local binding energy derived from the IBM
Hamiltonian, and the coefficients A and B come from the bulk
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FIG. 14. Comparison of experimental and theoretical two-
neutron separation energies.

contribution. Although the later expression can also be used
under the presence of intruder states, we propose to use, as an
ansatz,

S2n(N ) = A + B[N + 2(1 − w)] + BElo(N ) − BElo(N − 1),
(19)

where w = w1(0, N ) [see Eq. (8)], i.e., the regular content of
the ground state, and the value of B has been assumed to be
equal in the regular and in the intruder sector. This expression
takes into account the effect of the intruder sector to the
bulk contribution, adding two extra bosons weighted with the
intruder content of the ground state. These coefficients should
be obtained from a least-squares fit to the experimental S2n

value, assuming they are constant along the whole chain of
isotopes (see Ref. [120] for the details of the method). Of
course, Eqs. (18) and (19) can also be written in terms on the
atomic mass A. Indeed, the fitted values of A and B when
using the atomic mass correspond to A = 30.7 MeV and
B = −0.377 MeV. For identical reason than in Sec. V A, the
fit has been restricted to the first half part of the shell, although
in this case experimental data exist, but with a large error bar.
Assuming there is no change in A and B when crossing the
midshell, the same values can be used in the whole shell when
using Eqs. (18) or (19) written in terms of the atomic mass.
If instead, the boson number, N , is used, the sign of B will
change and an offset should be added.

This observable is very sensitive to the rapid changes of
nuclear structure, because, as it was explained in Sec. IV C,
the binding energy is highly dependent on the deformation.
In Fig. 14, experimental and theoretical values of S2n are
depicted, obtaining a reasonable agreement between the ex-
perimental data and the theoretical calculations. In this figure
one can readily see a change in the slope of S2n when
approaching A ≈ 100, which is approximately reproduced by
the theoretical results. These results are very close to the val-
ues obtained using Eq. (18) to extract the global contribution.
The systematics hints the rapid onset of deformation, but it

FIG. 15. Matrix coherent-state calculation for 98Zr in panel (a),
100Zr in panel (b), and 102Zr in panel (c), corresponding with the
present IBM-CM Hamiltonian (Table III). The energy spacing be-
tween adjacent contour lines equals 100 keV and the deepest energy
minimum is set to zero, corresponding to the red color.

is not possible to distinguish if the reason is the crossing of
two families of states with different deformation or is the
growing of deformation in a single family of states. Note that
the calculations have been extended to the second half part of
the shell, where the agreement is not good, but it should be
taken into account that still the experimental data in this area
are not reliable enough and they have a large error bar.

VI. QUADRUPOLE SHAPE INVARIANTS, NUCLEAR
DEFORMATION, AND MEAN-FIELD ENERGY SURFACES

The IBM is a model capable to provide in a straightforward
way energy spectra and the corresponding wave functions,
B(E2) values and radii. We discuss in this section how the
model is also able to provide an interesting and precise insight
on nuclear deformation and associated nuclear shapes. A
model description, acting within a laboratory frame does not
contain the observable “deformation,” however, it is possi-
ble to calculate certain observables that can be measured
experimentally and that makes it possible to extract direct
information on “deformation.” This concept is usually de-
fined within an intrinsic frame and derived with mean-field
methods. Therefore, we also calculate the mean-field energy
surface deformation corresponding with the algebraic IBM-
CM model approach.

It is possible to define a mean-field energy surface at
the IBM-CM level, obtaining the corresponding energy in a
β-γ plane. This geometric interpretation of the IBM is built
thanks to the so-called intrinsic state formalism, as proposed
in the seminal works of Refs. [123–126]. The extension of
this formalism to describe regular and intruder configurations,
i.e., the IBM-CM, was proposed by Frank et al. introducing
a matrix coherent-state method [127–130], allowing to cal-
culate the total energy surface that corresponds to the lowest
eigenvalue of a two-by-two matrix. In Refs. [105,107,131], a
detailed description of the method and its application to Pt,
Hg, and Po isotopes, respectively, has been given. In Fig. 15,
the IBM-CM mean-field energy surfaces are presented for
the isotopes 98Zr, 100Zr, and 102Zr in Figs. 15(a)–15(c), re-
spectively. In these three nuclei, a rapid transition from a
spherical to well-deformed shapes is observed. In Fig. 15(a),
the energy surface of 98Zr is depicted, presenting a well
defined spherical minimum. In Fig. 15(b), 100Zr exhibits the
coexistence of two minima, one spherical and the other prolate
deformed, that are almost degenerate. In Fig. 15(c), the energy
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surface of 102Zr presents a deep deformed minimum, but also
a rather shallow spherical one. An almost similar situation
happens for 104−110Zr (not shown). Note that according to
the mean-field approach, 100Zr still has as deepest minimum
the spherical one, although very close-lying in energy to the
prolate one. In Refs. [96], [88], and [132] these nuclei have
also been studied, among many other, using a D1S Gogny
interaction in the first case, using a Gogny D1M interaction
and a mapping procedure into the IBM-CM Hamiltonian, in
the second, and using a covariant density functional theory
with the parameter set PC-PK1, in the third. In all cases, a
prolate oblate coexistence is observed.

A major question on how to obtain information on nuclear
deformation within the laboratory frame was first addressed
by Kumar [133] and Cline [134], introducing the concept of
higher moments of the quadrupole operator (quadratic and
cubic), a method that has been used extensively to extract the
intrinsic β, γ values as extra labels to be added to each nuclear
eigenstate. From the experimental side, the extraction of the
quadrupole E2 diagonal and nondiagonal matrix elements
as well as their relative sign, using Coulomb excitation, has
been of major importance leading to information on defor-
mation in an almost model-independent way. More recently,
work carried out by Alhassid, Gilbreth, and Bertsch have
addressed the question of nuclear deformation within the
laboratory frame, even extending toward finite temperature
(excited states) making use of the auxiliary-field Monte Carlo
method [135,136], an approach that was developed following
the early work by Koonin et al. [137].

Using experimental data, it is possible to extract direct
information about various higher moments characterizing the
nuclear shape corresponding with a given eigenstate. One of
the most powerful techniques to this end is Coulomb excita-
tion, which makes it possible to extract both the diagonal as
well as the nondiagonal quadrupole and octupole matrix ele-
ments, including their relative signs and, in an almost model
independent way, extract information about nuclear deforma-
tion as shown by Kumar, Cline, and coworkers [133,134,138–
140]. This method has also been used within the context of the
IBM approach in Ref. [141].

The key point of this approach is the use of the concept of
an “equivalent ellipsoid” view of a given nucleus [133] that
corresponds to a uniformly charged ellipsoid with the same
charge, 〈r2〉, and E2 moments as a specific eigenstate of a
given nucleus [133,142].

To obtain the theoretical value of the nuclear deformation
of a given state we will resort to the so-called quadratic and
cubic quadrupole shape invariants. The quadrupole deforma-
tion for 0+ states corresponds to

q2,i =
√

5〈0+
i |[Q̂ × Q̂](0)|0+

i 〉, (20)

q3,i = −
√

35

2
〈0+

i [Q̂ × Q̂ × Q̂](0)|0+
i 〉. (21)

For the triaxial rigid rotor model [143], it is directly connected
with the deformation parameters

q2 = q2, (22)

q3 = q3 cos 3 δ, (23)

TABLE VI. Values of deformation, q2 and γ , extracted from
quadrupole shape invariants, together with the value of wk ([N]
content as defined in Eq. (8)).

A State q2 (e2 b2) γ wk

94 0+
1 0.11 49 0.944

0+
2 0.31 43 0.098

0+
3 0.22 32 0.034

96 0+
1 0.04 52 0.998

0+
2 1.16 31 0.002

0+
3 0.66 35 0.003

98 0+
1 0.16 52 0.990

0+
2 1.07 37 0.010

0+
3 0.88 53 0.296

100 0+
1 1.00 10 0.146

0+
2 0.22 0 0.846

0+
3 0.56 14 0.012

102 0+
1 1.60 13 0.008

0+
2 0.29 0 0.776

0+
3 0.87 20 0.215

104 0+
1 2.04 2 0.003

0+
2 0.97 0 0.277

0+
3 0.41 0 0.719

106 01 1.60 9 0.006
0+

2 0.34 0 0.751
0+

3 0.83 13 0.256
108 0+

1 1.27 10 0.019
0+

2 0.14 0 0.922
0+

3 0.83 15 0.068
110 0+

1 1.06 11 0.017
0+

2 0.10 0 0.931
0+

3 0.70 15 0.054

where q denotes the nuclear intrinsic quadrupole moment and
δ the triaxial degree of freedom,

q = √
q2, (24)

δ = 60

π
arccos

q3

q3/2
2

. (25)

The value of δ is equivalent, up to first order approximation,
to the value of γ appearing in the Bohr-Mottelson model (see
Ref. [144] for further details).

In Table VI, we present the theoretical value of q2 and
γ , together with the fraction of the wave function belonging
to the regular sector, wk [Eq. (8)], corresponding to the
0+

1 , 0+
2 , and 0+

3 states, for the whole chain of Zr isotopes.
This table shows how very different shapes coexist, indeed,
more than two, although only two different types of con-
figurations are used in our approach, 0p-0h and 2p-2h. In
94Zr, the three 0+ states are almost spherical, in 96−98Zr,
the ground state remains spherical while the other excited
states start to become deformed and approximately triaxial.
In 100−104Zr, the ground state is well deformed and prolate,
while the first regular excited state is slightly deformed and
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FIG. 16. Value of the deformation, β, extracted from the value of
the quadrupole shape invariants. In (a) we plot the value for the first
three 0+ states. In (b) we plot the same but for the first regular and
the first intruder 0+ state.

prolate, with a maximum of deformation at A = 104, and
the first intruder excited state is much less deformed than
the ground state, but also of prolate nature. In summary,
from A = 100 and onwards, the prolate shapes dominate,
while from A = 94 till A = 98, less deformed shapes, al-
most spherical in some cases, but of oblate nature, are the
most abundant ones. Moreover, one can notice that the most
deformed state in each isotope is always of intruder na-
ture, while the most spherical one belongs to the regular
sector.

Starting from the quadrupole invariant Eq. (26), one
can extract the value of the deformation β (see, e.g.,
Refs. [139,144,145]):

β = 4 π
√

q2

3 Z e r2
0 A2/3

, (26)

where e is the proton charge and r0 = 1.2 fm. Thus, we extract
values for β corresponding to the ground-state, 0+

1 , and to 0+
2

and 0+
3 states.

The resulting β values for the first three 0+ states, extracted
from Eq. (26), are shown in Fig. 16(a). In this panel one
notices how the value of β for the ground state presents a
large peak at A = 104, whereas for the 0+

2 state, the behavior
is rather erratic, while for 0+

3 the resulting value remains rather
constant. A more appropriate way to present the value of β is
to select the first 0+ state which belongs to the regular sector,
0+

1reg, and the first 0+ state which belongs to the intruder sector,
0+

1int, according to the value of last column of Table VI. This
is presented in Fig. 16(b). It is obvious that the intruder state
is always more deformed than the regular one, as expected.
Moreover, both exhibit a maximum at A = 104, although the
curve for the regular state is much flatter than that for the
intruder one. Indeed, the curve corresponding to the regular
state can be understood as having a rather constant value over
the whole isotope chain, except around mid-shell. On the other
hand, the curve corresponding to the intruder state shows a
more abrupt increase when approaching mid-shell. Besides,
there is also a sudden increase of deformation in passing from
A = 94 to A = 96 and onward.

(a) (b)

(c) (d)

FIG. 17. Theoretical
∑

f B(E2; 0+
i → 2+

f ) for i = 1, 2, 3 up to
the 2+ state corresponding to the energy (theoretical) plotted in the x
axis for (a) 96Zr, (b) 98Zr, (c) 100Zr, and (d) 108Zr.

A. E2 strength function for the Zr isotopes

In the previous subsection, we concentrated on the value
of q2 [Eq. (22)] which, according to Eq. (21), corresponds to
the full summed strength, connecting a given 0+

i state with
all possible 2+

f states, thereby missing information on the
different steps, B(E2; 0+

i → 2+
f ), that appear in building up

the invariant,

q2,i =
∑

f

B(E2; 0+
i → 2+

f ), (27)

where the sum is extended over the whole Hilbert space. In
Fig. 17, the partial sum of the transition strength Eq. (27)
up to the 2+ state with a given energy, as a function of this
energy, is depicted for the nuclei 96Zr, 98Zr, 100Zr, and 108Zr in
Figs. 17(a)–17(d), respectively, for the states 0+

1 , 0+
2 , and 0+

3 .
The number of 2+ states available in each nucleus is 10, 14,
19, and 30 for 96Zr, 98Zr, 100Zr, and 108Zr, respectively. The
first three cases correspond to the transition region, while
the latest one, to the well deformed situation. These strength
functions give a more detailed insight in the way the low-lying
0+

i and 2+
f states are connected and thus give hints on the

character of E2 excitation pattern that may help to point out
differences between a more “spherical” versus a more strongly
deformed character. See also Ref. [146] for a similar detailed
study in the case of the Cd nuclei.

In 96Zr, we notice an almost immediate reaching of the
total E2 strength connected with the 0+

1 ground stated with
∼15 W.u., by the E2 transition into the first excited 2+

1 state.
Moving to 98Zr, the situation remains similar, but this time,
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with a single step moving up to ∼50–60 W.u. For the heavier
Zr nuclei, 100Zr and 108Zr, again, there is a quick convergence,
this time, however, toward a much larger values of the order
of 350 W.u. giving a clear-cut indication of a major change
in the structure of the lowest-lying states as compared to the
mass region situated before mass number A = 98.

Inspecting the results in which we concentrate on, the
E2 strength connected with the 0+

2 first excited state, we
notice a similar structure as is the case of the 0+ ground
state, however, this time converging to the much larger value
of ∼350–400 W.u. In both 96Zr and 98Zr nuclei, a single
major contribution coming from the E2 strength connects
with the 2+

2 excited state. For the heavier nuclei on the other
hand, the convergence ends in a much smaller value, being
quickly reached after just a few steps pointing out toward a
major change in character between the 0+

1 and 0+
2 and the

corresponding 2+
1 and 2+

2 states, suggesting the presence of
a shape change transition.

Discussing the observed results on the E2 strength con-
nected with the 0+

3 excited state, the changing E2 strength
function moving from the lighter Zr isotopes (up to mass
A = 98), is converging to almost the same accumulated value
of ≈300 W.u., in which the full strength remains largely
concentrated in one very strong E2 contribution, associated
with the transition into the 2+

4 state at mass A = 96, partly
shared with a nonnegligible E2 contribution into the 2+

3 state.
Moving up into the Zr isotopes from A = 100 and onwards,
the E2 strength is originated largely from transitions into the
2+

3,4 states.
We have presented these E2 strength function because

the building up of the total E2 strength into the quadrupole
invariant, is giving most interesting information on how the
quadrupole deformation is building up in a specific way, thus
pointing out the possibility to extract information on a similar
“intrinsic” character.

As a bottom line, we notice the almost “dramatic” switch
in the accumulated E2 strength between the 0+

1 and 0+
2 states

when passing beyond mass number A = 98, with the 0+
3 not

showing any major structural change. In the latter, one notices
though an overall increase in the summed E2 strength, and
thus in the deformation associated with the third 0+ state.

VII. CONCLUSIONS AND OUTLOOK

In the present paper, we have addressed the Zr isotopes,
spanning a most interesting series from the 94Zr nucleus up
to 110Zr. These nuclei, in due time, starting with the early
experimental characterization from fission products, making
use of a most extensive set of experimental techniques, al-
lowing to characterize not only the energy spectra, but also
obtaining extensive data on the electromagnetic decay proper-
ties using both (n,n′γ ) lifetime measurements, recoil distance
techniques, DSA, inelastic electron scattering, Coulomb ex-
citation, mass measurements and measurement of the charge
radii, at various facilities, have been studied. Consequently,
in this region a change in structure is dramatically realized,
with a rather sudden evolution from more spherical properties
into a region where deformation in the ground-state structure
has become obvious, as indicated through the systematics of

two-neutron separation energy, charge radii, as well as, the
very clear ρ2(E0) variation in passing from typical values
of the order of 5–10 milliunits up to 100Zr with one of the
strongest observed E0 transitions with ∼100 milliunits.

Consequently, this mass region has attracted major efforts
from the theoretical side, trying to understand this transition
from spherical into a deformed shapes, spanning by now more
than four decades, but also theoretically, starting from early
shell-model calculations, over mean-field calculations, and
with the advent of large-scale shell-model calculations up to
the Monte Carlo shell-model approach more recently. In the
present paper, we have studied the possibility to understand
the varying nuclear characteristics within a frame in which
the shell-model characteristics can be modeled using the inter-
acting boson model, including the fact that proton excitations
across the Z = 40 subshell closure allows for a steady change
from mainly vibrational-like characteristics into a region of
deformation. This approach is based on the interpretation of
the appearance of intruder states as a portal to the onset of
deformation, as illustrated in other mass regions. We have
put the emphasis on the fact that the observed results depend
on the balance between, on one side, the energy cost to
redistribute the shell-model orbital occupation through np-nh
excitations across the closed shell configuration and, on the
other side, the quadrupole energy gain mainly originated in
the proton-neutron interaction energy.

Besides a critical description of the present IBM calcu-
lations, including 2p-2h excitations and thus resulting in an
enlarged model space, called the IBM-CM, a detailed com-
parison of energy spectra, B(E2) values, with an in-depth dis-
cussion of the characteristics of the resulting wave functions
as being built up from the interplay between the regular an the
intruder components, to give insight in the changing nuclear
properties with increasing mass number, was carried out. This
is amply discussed in the present paper, in particular for the
low-lying states for each of the J values. We also illustrate in
detail how the unperturbed two-block system, gives rise to the
fully interacting system. Moreover, this interplay is presented
in a set of plots illustrating the change in the characteristics
of the members of the yrast and next higher band. We have
given attention to the ρ2(E0) values moving from A = 94 up
to A = 100, concerning the most important E0 transitions.

We have, in particular, given attention to the structure of
the evolving ground-state structure, and its comparison with
the dramatic data set on charge radii and two-neutron separa-
tion energies which are both very well described, supporting
that the essential physics is included within the IBM-CM
approach, as presented in the present paper.

In view of existing mean-field calculations, we have also
extracted the mean-field representation of the IBM-CM ap-
proach, making use of the intrinsic state formalism. Our
results indicate a clear transition from a spherical minimum in
the case of 98Zr, changing in a coexisting situation for 100Zr
with a spherical and prolate deformed minimum, resulting in
a single prolate deformed shape moving toward 102Zr which
remains for the heavier A = 104–110 Zr isotopes.

Having carried out this detailed study formulated within
the laboratory frame, the standard question comes up on what
we can say about the “intrinsic” characteristics the present
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wave functions give rise to. In that respect, we have calculated
the quadrupole quadratic and cubic shape invariants, which re-
sult into information on both the intrinsic quadrupole moment,
characterized by the value of β and γ which are illustrated
in the present study for the lowest-lying three 0+ states as
well as the regular and intruder 0+ state, respectively. There is
more information that we extracted besides the full invariant,
namely, we have calculated the E2 strength function starting
from the lowest three 0+ states highlighting not only the
convergence pattern, but, giving extra insight on how the E2
operator is connected to the large set of higher-lying 2+ states.
The result to be taken from the strength function indicates
that for those cases where almost full strength is reached in
one step, one can properly claim that a single intrinsic state is
“hidden” behind such a result.

As a conclusion (of the conclusion), we feel it rewarding
that various theoretical approaches, starting from the large-
scale shell-model side with LSSM and MCSM, various mean-
field calculations as well as the present IBM-CM calculation,
all seem to end up with very much the same physics results.

At present, even though already many experimental meth-
ods have been used to extract as many complementary infor-
mation on the properties of the Zr isotopic series, extending by
now well into a region of deformation, data that characterize
the precise structure of the nuclear wave functions, such as
transfer reactions, are of major interest to map out the micro-
scopic content that has been described using a large spread of
theoretical approaches. Also, multiple Coulomb excitation al-
lows to disentangle not just quadrupole collectivity, but serves
as a fine measuring apparatus by extracting even the sign of
the specific E2 matrix elements. We emphasize the fact that
both one-nucleon as well as two-nucleon transfer, in particular
the (2n, α) transfer reactions, appear as mandatory to extract
information on both the single-particle energy centroids, as
well as on the pairing characteristics, respectively, which are
of major importance to understand the interplay of the various
correlations that are active in the Zr isotopic series, indicating
a transition from spherical toward deformed nuclei in both
the observed energy spectra and many other observables.
Only in this way can a deeper understanding of the changing
underlying structure be reached. On the theoretical side, the
intimate relations that connect the various approaches should
be uncovered. We suggest that the importance of symmetries
cannot be emphasized enough to see order in the already now
existing data basis.

In the process of finishing this work, we became aware of
the publication of another IBM-CM calculation by Gavrielov
et al. [147] for the even-even Zr isotopes, where the authors
have obtained very much the same results as presented here
[on energy spectra, B(E2; 2+

1 → 0+
1 ), isotopic shifts, and two-

neutron separation energies], although they claim that the
heavier Zr isotopes own an almost O(6) symmetry, which
is differing with the calculations discussed in the present
work. The reason for considering 106−110Zr close to the O(6)
symmetry in Ref. [147] is mainly based on the presence of
a 2+ states near to the energy of the 4+

1 state, in spite of a
experimental value of E (4+

1 )/E (2+
1 ) close to 3, which is more

in favour of the start of a rotational spectrum. New experi-
mental information in this area will definitively be necessary
to disentangle the nature of the heavier Zr isotopes.

Recent experimental studies [50,51] have indicated the
possibility of γ soft and/or even triaxial deformation showing
up in the case of 100Zr by inspecting the decay of its first
excited 0+ state. If confirmed, this could be a sign of a transi-
tion from a spherical structure into strongly deformed prolate
energy spectra beyond mass number A = 100. Theoretical
studies showing, e.g., the total energy surfaces such as in the
case of Ref. [80] have shown that a QPT might appear for
neutron number around N = 70. The latter being highlighted
by a valley connecting the oblate and prolate sides, exhibiting
a shift into a triaxial shape in 110Zr. The paper that we already
mentioned [147] also addressed the topic of triaxial shapes
and illustrated this by showing the total energy surfaces,
exhibiting a tendency to evolve from a prolate shape (from
A = 100 onwards till 106) to move toward the γ direction in
110Zr, although these results are not conclusive.
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