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We have determined the interfacial properties of short fully flexible chains formed from tangentially
bonded Lennard-Jones monomeric units from direct simulation of the vapor-liquid interface. The
results obtained are compared with those corresponding to rigid-linear chains formed from the same
chain length, previously determined in the literature [F. J. Blas, A. I. M.-V. Bravo, J. M. Míguez, M.
M. Piñeiro, and L. G. MacDowell, J. Chem. Phys. 137, 084706 (2012)]. The full long-range tails of
the potential are accounted for by means of an improved version of the inhomogeneous long-range
corrections of Janeček [J. Phys. Chem. B 129, 6264 (2006)] proposed recently by MacDowell and
Blas [J. Chem. Phys. 131, 074705 (2008)] valid for spherical as well as for rigid and flexible molecular systems. Three different model systems comprising of 3, 5, and 6 monomers per molecule are
considered. The simulations are performed in the canonical ensemble, and the vapor-liquid interfacial
tension is evaluated using the test-area method. In addition to the surface tension, we also obtained
density profiles, coexistence densities, critical temperature and density, and interfacial thickness as
functions of temperature, paying particular attention to the effect of the chain length and rigidity on
these properties. According to our results, the main effect of increasing the chain length (at fixed
temperature) is to sharpen the vapor-liquid interface and to increase the width of the biphasic coexistence region. As a result, the interfacial thickness decreases and the surface tension increases as
the molecular chains get longer. Comparison between predictions for fully flexible and rigid-linear
chains, formed by the same number of monomeric units, indicates that the main effects of increasing
the flexibility, i.e., passing from a rigid-linear to a fully flexible chain, are: (a) to decrease the difference between the liquid and vapor densities; (b) to decrease the critical temperature and to increase
the critical density; (c) to smooth the density profiles along the interfacial region; (d) to increase the
interfacial thickness; and (e) to decrease the vapor-liquid surface tension. © 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4868100]
I. INTRODUCTION

Interfacial properties play a key role in many different
fields, including nucleation or dynamics of phase transitions,
and their knowledge is essential in a great number of practical and industrial applications. This has attracted the attention from simulators of the liquid community over the last
years. Among all the interfacial properties, surface tension is
obviously the most important and challenging property to be
determined and predicted in the context of inhomogeneous
systems.1–3 Despite the great number of studies, especially
in the area of computer simulation, the calculation of surface tension remains a subtle problem due to different reasons, being the most important the ambiguity in the definition of the pressure tensor,1 the finite-size effects due to
capillary waves,4–6 or the difficulty for the calculation of the
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long-range corrections (LRCs) associated to intermolecular
interactions,7–15 among many others.
The traditional method for determining the fluid-fluid interfacial tension involves the mechanical route through the
determination of the normal and tangential pressure tensor
profiles using the virial according to different recipes, including those of Irving and Kirkwood16 and Harasima,17 among
others. See the works of Varnik et al.18 and Ghoufi and
Malfreyt19 for a useful and recent revision of the theoretical
background of these methods.
During the last ten years, there has been an intensive
and fruitful development of new, elegant, and more effective
methodologies for calculating the fluid-fluid interfacial tension. The common point of these methods, different from the
standard technique based on the mechanical route, is thermodynamic definition of surface tension. From this point of view,
different authors have proposed a new generation of methods
and techniques for calculating the surface tension of simple
and complex systems, including the Test-Area (TA) method
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of Gloor et al.,20 the Wandering Interface Method (WIM) of
MacDowell and Bryk,21 the Expanded Ensemble technique,
originally developed by Lyuvartsev et al.22 and applied by
Errington and Kofke23 and de Miguel,24 and the Volume Perturbation (VP) methods of de Miguel and Jackson,25, 26 who
led to the more general formalism of Brumby et al.,27 recently
implemented by Jiménez-Serratos et al.,28 among others.
As new methodologies and techniques were being developed, initially for simple spherical-like models such as systems interacting through the hard-sphere or Lennard-Jones
intermolecular potentials, researchers were using and extending these methods for dealing with more complex systems,
including chain-like models. In particular, the development
of these methods has allowed to study systematically the effect of non-sphericity, and particularly chain length, on different interfacial properties, including vapour-liquid density
profiles, interfacial thickness, and surface tension. Special attention has been paid to hydrocarbons, and particular to linear, cyclic, and aromatic alkanes,29–34 for which very accurate
and refined realistic models, under the useful united-atom approximation, were proposed in the middle and late 1990s.35–43
The existing studies in the literature have provided an in-deep
understanding on how the microscopic molecular parameters,
mainly the molecular weight or chain length, affect the interfacial behaviour of these systems. However, since the intermolecular potentials are optimized for predicting a given
thermodynamic property (normally the vapor-liquid phase behaviour), there has not been any real possibility of studying
the effect of flexibility on interfacial properties, specially in
simple chain-like models. For instance, the degree of flexibility in alkane models, which is determined by the bending and
torsional potentials between chemical groups, is fixed since
inter- and intramolecular potentials are optimized to provide
the best description of the (vapor-liquid) phase equilibria.
Chain-like molecules are substances formed from
monomeric units with a certain degree of flexibility, and nalkanes molecules and their isomers lie in this general set
of molecules. All of them exhibit intramolecular flexibility governed by bending and torsional potentials, that determine the molecular configurations the chains can adopt without overlaps. From a formal point of view, n-alkanes exhibit
an intermediate behavior between those shown by two wellknown model systems, i.e., the fully flexible (FF)14, 44–48 and
rigid-linear (RL) Lennard-Jones (LJ) chain models.49 The FF
chain-like system has neither bending nor torsional potentials between the monomers in a chain. Therefore, there is
no energetic penalty when the monomers of the chains adopt
a close packed structure at high densities. On the contrary, in
the RL chain model the bond length, bond angles, and internal degrees of freedom are fixed. As a consequence of this,
both models exhibit completely different phase diagrams, as
demonstrated several years ago by Galindo et al.49 A related
topic which we do not address here is the influence of bond
length flexibility in the phase diagram and interfacial properties, which has been recently studied by Chapela et al.50, 51
During last five years, we have studied the interfacial properties of different simple chain-like molecular models using perturbative methods, such as the WIM and TA
methodologies.14, 48, 52, 53 Very recently,53 we have determined

the interfacial properties of short RLLJ chains from direct
simulation of the vapor-liquid interface, including the surface tension using the TA method. In most cases, we have
used an improved version14, 53 of the Janec̆ek’s method12 for
calculating long-range corrections (LRCs) to the energy in
systems that interact through spherically symmetric intermolecular potentials. The main goal of this work is to study
the vapor-liquid interfacial properties of short FFLJ chains
and compare the results with previous simulation data corresponding to RLLJ obtained by us53 to determine the effect
of molecular flexibility on interfacial properties, with particular emphasis on surface tension. To account for the full intermolecular interactions, we also use the improved method of
Janec̆ek12, 14, 53 to account for LRCs. To our knowledge, this is
the first time the effect of flexibility of Lennard-Jones chains
on vapor-liquid interfacial properties is studied from Monte
Carlo simulation.
The rest of the paper is organized as follows. In Sec. II we
summarize the improved method of Janec̆ek for determining
the LRCs of inhomogeneous chain-like systems. The molecular model and the simulation details of this work are presented
in Sec. III. Results obtained are discussed in Sec. IV. Finally,
in Sec. V we present the main conclusions.
II. EFFECTIVE LONG-RANGE PAIRWISE POTENTIAL
FOR MOLECULAR SYSTEMS

In 2006, Janec̆ek12 proposed a new methodology for calculating long-range corrections (LRC) to the energy in systems that interact through spherically symmetric intermolecular potentials. This procedure allows to treat in a simple way
the truncation of the intermolecular energy of systems that
exhibit planar interfaces. Three years later, MacDowell and
Blas14 have demonstrated that the Janec̆ek’s procedure can be
rewritten into an effective long-range pair potential plus a self
term that allows for a fast, easy, and elegant implementation
of the method. More recently, Blas et al.53 have formally extended the methodology to deal with both FF and RL chainlike molecules. Since the original and improved methodologies have been introduced in Refs. 12–14, we only account
here for the most important details of the current version for
FFLJ chains.
Consider a system of N chain-like molecules formed
from m monomers contained in a volume V that interact
through a pairwise intermolecular potential. The total intermolecular potential energy can be written as
N

U=

N

m

m

N

m

1 !!
1 !!!!
u(ri,k;j,k′ ) =
Ui,k ,
2 i=1 j =1 k=1 k′ =1
2 i=1 k=1

(1)

where u(ri,k;j,k′ ) is the intermolecular potential between
monomer k of molecule i and monomer k′ of molecule
j, that depends on the distance between the centres of
monomers ri,k;j,k′ ≡ |ri,k − rj,k′ |. Ui, k is the potential energy
of a monomer k of the molecule i, which is defined below.
During a simulation, the potential energy of a monomer is
usually split into two contributions: one arising from the interaction of monomer k in molecule i with all monomers inside a sphere of radius rc(i,k) centered at this monomer, and a
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second term that corresponds to the interaction between the
monomer k of molecule i and the rest of monomers forming
the system (i.e., all the molecules located outside the cutoff
sphere). The potential energy of a monomer k of the molecule
i can be then written as
!
LRC
u(ri,k;j,k′ ) + Ui,k
,
(2)
Ui,k =
j,k ′ ∈rc(i,k)

where the notation j, k ′ ∈ rc(i,k) denotes all the monomers k′
of molecules j located inside the cutoff sphere centered at the
LRC
represents
position of monomer k of molecule i, and Ui,k
the intermolecular interactions between monomer k of
molecule i and the rest of the system due to LRC. Note that
rc(i,k) ≡ rc since all molecules have the same cutoff distance.
In the improved methodology proposed recently by MacDowell and Blas14 and Blas et al.,53 the total energy felt by
the whole molecule i, due to the long-range interactions with
all the molecules that form the system, can be written as
UiLRC

=

m
!

Ui,k ,

(3)

where Ui, k have been previously defined in Eq. (2). UiLRC can
be splitted in different contributions, i.e., intermolecular, intramolecular, and the self-energy contribution,
(4)

The intermolecular potential energy between molecule
i and the rest of molecules forming the system, due to the
LRCs, can be written as
LRC
=
Ui,inter

N
m m
1 ! !!
w(|zi,k − zj,k′ |).
A
k=1 k ′ =1

(5)

j =1
(j ̸=i)

The energy corresponding to the intramolecular interactions associated to segments of molecule i is given by
LRC
Ui,intra
=

m−1
m
1 ! !
w(|zi,k − zi,k′ |).
A k=1 k′ =k+1

(6)

Note that Eq. (6) only takes into account the intramolecular interactions, associated to the LRC, i.e., all possible
interactions between segments of molecule i. A long-range
contribution from sites in the same molecules is perhaps
unexpected, but follows naturally from the fact that long range
corrections are implemented here on the basis of segment
densities.
And finally, the self-energy contribution to the potential
energy of molecule i can be simply written as
m

LRC
=
Ui,self

1 !
1
w(0) ≡ mw(0).
A k=1
A

The total potential energy of a system of N molecules
formed by m segments, due to the long-range interactions, is
then calculated as
LRC
LRC
LRC
U LRC = Uinter
+ Uintra
+ Uself
.

(7)

The self-energy contribution associated to the long-range
interactions given by Eq. (7) is only due to segments belonging to molecule i.
w(|zi,k − zj,k′ |) accounts for the intermolecular interactions due to the LRC between a monomer k of molecule i

(9)

The total intermolecular potential energy, due to the longrange interactions, is given by
N

k=1

LRC
LRC
LRC
+ Ui,intra
+ Ui,self
.
UiLRC = Ui,inter

at zi,k and all the monomers k′ of all molecules j located inside the slab centered at zj,k′ . The particular expression for
w(|zi,k − zj,k′ |) depends on the election of the intermolecular
potential of the system. In the original Janec̆ek’s method, applicable for molecules interacting through the Lennard-Jones
intermolecular potential, the function w(z) is given by
& ' (
⎧
' ( )
⎪
1 σ 10 1 σ 4
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2
⎪
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=
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N
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m
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2 i=1
2A i=1
k=1 k ′ =1
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(j ̸=i)

=

N−1 N
m m
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w(|zi,k − zj,k′ |),
A i=1 j =i+1 k=1 k′ =1

(10)

where we have transformed the unrestricted summation over
indexes i and j (with the exception of the case i = j corresponding to intramolecular interactions) into a sum of pairwise effective (integrated) intermolecular potential over all
the pair of molecules in the system.
The total intramolecular potential energy due to the longrange interactions is given by
N m−1
m
1 !! !
w(|zi,k − zi,k′ |).
A i=1 k=1 k′ =k+1
i=1
(11)
Finally, the total self-energy potential energy due to the
long-range interactions is written as
LRC
=
Uintra

N
!

LRC
Ui,intra
=

LRC
Uself
=

N
!
i=1

N

LRC
Ui,self
=

m

1 !!
w(0)
A i=1 k=1

N

≡

1 !
1
mw(0) ≡ N mw(0).
A i=1
A

(12)

Equations (9)–(12) represent the generalization of the improved version of MacDowell and Blas,14 based on Janec̆ek’s
method, for the inhomogeneous LRC of chain like systems,
including flexible and rigid molecules.53
This procedure provides several important advantages
over the original method:53 (1) Eqs. (4)–(7) and (9)–(12) for
molecular systems, correspond to the exact evaluation of the
intermolecular interactions due to the LRCs, without a discretization of the simulation box along the z-axis; (2) the improved procedure allows to evaluate UiLRC and U LRC without
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the explicit calculation of the density profile on the fly, i.e., it
is not necessary to update the density profile ρ(z) each Monte
Carlo step; and (3) finally, the implementation of the method
is straightforward.
III. MODEL AND SIMULATION DETAILS

We consider chain molecules formed by m identical LJ
sites (monomer segments) characterized by a diameter σ and
dispersive energy ϵ. The molecules are modeled as FF with
monomer-monomer bond length L = σ , which means that
chains are formed by tangent monomers or segments. The interaction potential between two different molecules is given
by
&' (
' (6 )
m !
m
12
!
σ
σ
4ϵ
−
,
(13)
uLJ (1, 2) =
r
r
ij
ij
i=1 j =1
where rij is the distance between monomer i of molecule 1
and monomer j of molecule 2. Since we are considering a
FF model sites i and j can be in different or in the same
molecule, so we are explicitly considering both intermolecular and intramolecular interactions. As previously discussed in
the Introduction, we have recently studied a similar model, the
RL model. It is important for the discussion of the results in
Sec. IV to give here a brief account of the most important
features of the model. In this latter system, the molecules are
strictly linear and rigid; all intramolecular degrees of freedom
are frozen and both the bond distances and bond angles remain fixed. As mentioned previously, in the first model the
interactions between segments are identical to those in the
RL model, but as the chains are flexible, both intermolecular
and in particular intramolecular interactions are now relevant
since both contributions are present in the Hamiltonian of the
system, as noted before.
We examine a spherically truncated potential model with
a cutoff distance of rc = 3σ . We consider inhomogeneous
LRCs using the MacDowell and Blas14 recipe (presented in
Sec. II), based on the Janec̆ek’s method,12, 13 obtaining results
for the full LJ potential, i.e., corresponding to infinite truncation distance. According to the discussion of the previous
paragraph, since intramolecular interactions are also relevant
for this model, we use the full expressions for the inhomogeneous LRC corresponding to UiLRC and U LRC .
The number of molecules, N, used in each simulation depends on the number of monomers per molecule. We consider
N = 672, 403, and 336 for systems formed from 3, 5, and 6
monomers, respectively. As in previous studies,14, 48, 52, 53 this
choice is made so as to have systems with the same total number of monomers irrespective of the monomers per molecule.
We also compare the results obtained here with those published previously by us14 corresponding to FF chains formed
from 4 monomers (see Sec. IV for further details). Simulations are performed in the NVT ensemble. We consider
a system of N molecules at a temperature T in a volume
V = Lx Ly Lz , where Lx , Ly , and Lz are the dimensions of the
rectangular simulation box. A homogeneous liquid system is
first equilibrated in a rectangular simulation box of dimensions Lx = Ly = 11σ , and Lz = 24 for FFLJ chains formed by
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3 and 5 monomers, and Lz = 26 for chains with 6 monomers.
The box is then expanded to three times its original size along
the z direction, while leaving the liquid phase at the center.
As a result, we obtain a centered liquid slab with those chain
bits spanning across the boundary conditions of the original liquid configuration protruding into empty boxes of equal
size at each side. The final overall dimensions of the vaporliquid-vapor simulation box are therefore Lx = Ly = 11σ , and
Lz = 72 and 78σ for the corresponding chain lengths.
The simulations are organized in cycles. A cycle is defined as N trial Monte Carlo moves. Our MC procedure comprises three types of configurational updates: one involving a
trial displacement of the molecular center of mass, and the
other two, a partial and complete molecular regrowth of the
molecular chains. For the latter case, we consider a configuration bias scheme.54, 55 Each type of move is chosen with
a probability of 20%, 40%, and 40%, respectively. The magnitudes of the appropriate displacements are adjusted so as to
get an acceptance rate of 30% approximately. We use periodic
boundary conditions in all three directions of the simulation
box.
The calculation of the surface tension is performed using of the TA methodology.20 Since the TA method is a
standard and well-known procedure for evaluating the fluidfluid interfacial tension of liquid, we only provide the most
important features of the technique. For further details we
recommend the original work20 and the most important
applications.14, 25, 26, 33, 48, 56–62 The implementation of the TA
technique involves performing test-area deformations of magnitude %A during the course of the simulation at constant N,
V , and T every MC cycle. As shown by Gloor et al.,20 the
surface tension follows from the computation of the change
in Helmholtz free energy associated with the perturbation,
which in turn can be expressed as an ensemble average of the
corresponding Boltzmann factor. Further details can be found
in Refs. 14, 20, 48, 52, 53, and 63–66. We consider in all cases
two perturbations of size %A* = %A/A0 = ±0.0005, where
A0 = Lx Ly = 121σ 2 is the interfacial area of the unperturbed
state.
As in previous studies,14, 48 for each length we perform
simulations of inhomogeneous systems at different temperatures where vapor-liquid equilibrium is expected. We typically consider either eight or nine temperatures in the range
∼0.5 Tc up to ∼0.9 Tc , where Tc is the critical temperature
of the system. Each series is started at an intermediate temperature. This system is well equilibrated for 106 MC cycles, and averages are determined over a further period of 4
× 106 MC cycles. The systems at other temperatures of each
series are equilibrated for 5 × 105 MC cycles and averages
are determined over the same number of cycles (4 × 106 ).
The production stage is divided into M blocks. Normally, each
block is equal to 105 MC cycles. The ensemble average of the
surface tension is given by the arithmetic mean of the block
averages and the statistical precision of the sample average is
estimated√from the standard deviation in the ensemble average
from σ / M, where σ is the variance of the block averages
and M has been fixed in this work to M = 40.
All the quantities in our paper are expressed in conventional reduced units, with σ and ϵ being the length and energy
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scaling units, respectively. Thus, the temperature is given in
units of ϵ/kB , the densities in units of σ −3 , the surface tension
in units of ϵ/σ 2 , and the interfacial thickness in units of σ .
IV. RESULTS AND DISCUSSION

In this section we present the main results from the simulations of FFLJ chains with varying chain length. We focus
on the interfacial properties, such as density profiles, interfacial thickness, and surface tension of chains considering a
cutoff distance of rc = 3σ and the effective LRCs presented
in Sec. II. We also examine the temperature and chain length
dependence of these properties. In addition to that, we compare our results obtained for FFLJ chains with those corresponding to RL chain like molecules interacting through the
same monomer-monomer intermolecular potential. In particular, we compare the results corresponding to chains formed
from 3, 4 (results taken from the work of MacDowell and
Blas14 ), and 5 with those obtained recently by Blas et al.53
Results for FF chains with 6 LJ monomers, obtained in the
present work, are also presented here for comparison.
We follow the same analysis and methodology than in our
previous works,14, 48, 53, 67 and consider different chain lengths
and temperatures. The equilibrium density profiles ρ(z) are
computed from averages of the histogram of densities along
the z direction over the production stage. Density profiles are
given in terms of the monomeric units. The bulk vapor and
liquid densities are obtained by averaging ρ(z) over appropriate regions sufficiently removed from the interfacial region.
In addition to that, the final bulk vapor density value, at each
temperature and chain length, is obtained after averaging the
density profiles on both sides of the liquid film. The statistical uncertainty of these values is estimated from the standard deviation of the mean values. Following our previous
works, additional interfacial properties, such as the position
of the Gibbs-dividing surface, z0 , and the 10-90 interfacial
thickness, t, are obtained by fitting each of the two equilibrium density profiles to hyperbolic tangent functions1 (see
Eq. (3) of our previous work48 for further details). We fix the
liquid, ρ L , and vapor, ρV , densities to previously computed
values and treat z0 and t as adjustable parameters. Our simulation results for the bulk densities and interfacial thickness for
FFLJ chains formed by 3, 5, and 6 monomers are collected in
Table I. The interfacial thickness values summarized here correspond to the average of the values for the two interfaces appearing in the system.
It is important, however, to mention that at high temperature, the density profiles are nearly symmetrical and may be
described using a hyperbolic tangent function, as expected in
the neighborhood of the critical point.1 As the temperature is
decreased, however, the profiles develop a very strong asymmetry, and the distance from the liquid and vapor densities to
the density at the equimolar point is no longer equal.68 Such
asymmetry in the density profile results from the fact that the
correlation lengths on the vapor and liquid side are no longer
equal far from the critical point, an effect which increases with
increasing chain size. As a result, these density profiles may
be possible better described using another kind of function, as
indicated already by Palanco.68

TABLE I. Liquid density ρ L , vapor density ρV , 10-90 interfacial thickness
t, and surface tension γ at different temperatures for systems of RLLJ chains
formed from m monomers with a monomer-monomer LJ cutoff distance
rc = 3σ and inhomogeneous LRCs. All quantities are expressed in the reduced units defined in Sec. III. The errors are estimated as explained in the
text.
m

T

ρL

t

γ

3
3
3
3
3
3

1.20
1.40
1.60
1.80
1.85
1.90

0.787(2)
0.724(1)
0.6554(3)
0.5709(7)
0.5450(7)
0.515(1)

0.00093(3)
0.00492(4)
0.01674(9)
0.0458(1)
0.0582(2)
0.0744(3)

1.015(2)
1.3056(9)
1.7484(9)
2.599(2)
2.973(1)
3.5032(8)

0.92(5)
0.66(2)
0.429(9)
0.224(4)
0.171(4)
0.131(4)

5
5
5
5
5
5
5
5

1.00
1.20
1.40
1.60
1.80
2.00
2.10
2.20

0.869(3)
0.817(2)
0.766(1)
0.7115(8)
0.6525(6)
0.5856(6)
0.5460(7)
0.4988(9)

0.0000005(3)
0.000024(3)
0.00031(1)
0.00193(3)
0.00737(4)
0.02138(8)
0.0346(2)
0.0555(4)

0.722(2)
0.8804(6)
1.072(1)
1.325(2)
1.678(2)
2.254(3)
2.7244(2)
3.488(3)

1.28(3)
1.04(2)
0.852(9)
0.637(9)
0.444(8)
0.269(6)
0.205(5)
0.140(3)

6
6
6
6
6
6
6
6
6

1.00
1.20
1.40
1.60
1.80
2.00
2.20
2.30
2.35

0.874(5)
0.825(3)
0.775(2)
0.723(1)
0.6690(7)
0.6088(9)
0.5378(9)
0.4938(7)
0.466(1)

0.0000003(9)
0.000004(3)
0.000087(6)
0.00072(2)
0.00337(4)
0.01111(6)
0.0301(1)
0.0484(2)
0.0618(5)

0.705(1)
0.8564(9)
1.0302(9)
1.245(2)
1.5382(4)
1.982(2)
2.2772(3)
3.523(3)
4.14(1)

1.40(5)
1.12(3)
0.89(1)
0.73(1)
0.501(9)
0.351(6)
0.204(6)
0.141(4)
0.114(4)

ρV

We show in Fig. 1 the segment density profiles ρ(z) for
FFLJ chains formed by three (m = 3), five (m = 5), and six
(m = 6) monomers at several temperatures in the vapor-liquid
coexistence region. For the sake of clarity, we only present
one half of the profiles corresponding to one of the interfaces.
Also for convenience, all density profiles have been shifted
along z so as to place z0 at the origin. Since density profiles
are expressed in terms of monomeric units in all cases, liquid density increases, and vapor density decreases, at fixed
temperature, as the chain length is increased as expected. In
addition to that, the absolute value of the slope of the density
profiles in the interfacial region decreases as the temperature
is increased. This is an expected behavior as temperature approaches to the critical temperature of the system. This is also
in agreement with the divergence, as it is shown later, of the
interfacial thickness as T → Tc . Another intuitive but less obvious behavior is related with the effect of chain length, at
constant temperature, on the slope of the density profile going from the vapor to the liquid phase. As can be seen (it is
more obvious at high densities, i.e., T ∼ 1.8), the slopes of the
profiles increase as the chain length is increased from m = 3
(Fig. 1(a)) through m = 4 (Fig. 1(b)) and m = 5 (Fig. 1(c)),
and finally up to m = 6 (Fig. 1(d)).
Although the behavior of the density profiles of FF chains
at different conditions is interesting, it is important to keep in
mind that one of the goals of this work is to determine the
effect of molecular flexibility on different interfacial properties. A detailed comparison between the density profiles
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FIG. 1. Simulated equilibrium density profiles across the vapor-liquid interface of FFLJ chains formed from three (m = 3) (a), four (m = 4) (b), five (m = 5)
(c), and six (m = 6) (d) monomers with a monomer-monomer LJ cutoff of rc = 3σ and inhomogeneous LRCs at several temperatures. From top to bottom (in
the liquid region): (a) T = 1.20, 1.40, 1.60, 1.80.1.85, and 1.90; (b) T = 1.00, 1.20, 1.40, 1.60, 1.80, 1.90, and 2.00; (c) T = 1.00, 1.20, 1.40, 1.60, 1.80, 2.00,
2.10, and 2.20; and (d) T = 1.00, 1.20, 1.40, 1.60, 1.80, 2.00, 2.20, 2.30, and 2.35.

of FF and RLLJ chains with different chain lengths and
temperatures is shown in Figure 2. As can been seen in
Figure 2(a), the main effect of flexibility (when comparing
density profiles of FF and RLLJ chains formed from four LJ
monomers) is to decrease the liquid density, increase the vapor density, and decrease the absolute value of the slope of the
density profile along the interfacial region. As can be seen, the
change in density is larger in the case of the liquid side than in
the vapor side. In addition to that, the changes in density profiles seem to be similar at the two temperatures considered,
T = 1.6 and 1.9, although the increasing of the vapor density
when passing from a RL to a FF change is enhanced as the
temperature is increased. This is probably due to the proximity of the critical point of the system (Tc ∼ 2.25), since the
relative changes in vapor and liquid densities as temperature
approaches to the critical state are larger in the case of vapor
density.
We also consider the effect of flexibility for longer chains
(m = 5). As can be seen, the same qualitative behavior is
observed for the liquid and vapor densities, as well as for
the absolute value of the slope of the density profile along
the interfacial region. The effect of flexibility is more impor-

tant and noticeable in this case than in that corresponding to
m = 4. As can be seen, the change in densities, and especially
in the slope (absolute value) of the density profile along the
interface is enhanced with respect to that observed for shorter
chains (m = 3 and 4). Vapor-liquid envelopes of FF and RLLJ
chains with m = 5 monomers are really different. As demonstrated several years ago by Galindo et al.,49 RLLJ chains exhibit a shrinkage of the liquid range, and that of FFLJ chains
present a huge liquid range (Tt /Tc ∼ 0.14).
We have also estimated the location of the critical point
resulting from our direct Monte Carlo simulations. The critical coordinates (temperature, Tc , and density, ρ c ) are obtained following the usual procedure, i.e., using the simulation results for the vapor and liquid coexistence densities
(Table I) and the scaling relation for the width of the coexistence curve,1
ρL − ρV = A(T − Tc )β ,

(14)

and the law of rectilinear diameters
ρL + ρV
= B + CT .
2

(15)
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TABLE II. Critical densities of FFLJ (ρcFF ) and RLLJ (ρcRL ) chains with
different chain lengths as obtained from the analysis of the coexistence denFF(a)
sities using Eqs. (14) and (15); critical temperatures of FFLJ (Tc
) and
RL(a)
RLLJ (Tc
) chains as obtained from the analysis of the coexistence densiFF(b)
) and
ties using Eqs. (14) and (15); and critical temperatures of FFLJ (Tc
RL(b)
RLLJ (Tc
) chains as obtained from the analysis of the computed tension
data using Eq. (16) and fixing the critical point to µ = 1.258. All quantities
are expressed in the reduced units defined in Sec. III. Results corresponding
to RLLJ chains formed by 3, 5, and 6 monomeric units are taken from the
work of Blas et al.53 Results corresponding to FFLJ chains formed by four
monomeric units (m = 4) are taken from the work of MacDowell and Blas.14
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FIG. 2. Simulated equilibrium density profiles across the vapor-liquid interface of FF (continuous curves) and RL (dashed curves) LJ chains formed
from: (a) four (m = 4) monomers at T = 1.6 (blue curves) and T = 1.9 (red
curves); (b) five (m = 5) monomers at T = 1.9 (blue curves) and T = 2.1 (red
curves).

A, B, and C are constants, and β is the corresponding
critical exponent. A universal value of β = 0.325 is assumed
here.1 In Table II we report the values of the critical temperatures and densities as obtained from this procedure for all the
systems studied in this work. In addition to that, we have also
included the critical conditions (temperature and density) for
RLLJ chains formed from 3, 4, and 5 monomers obtained by
Blas et al.53
As a word of caution, we note that the error bars of critical parameters given in Table II are to be considered as the
statistical uncertainty resulting from our simulations. In fact,
true critical behavior is not seen in finite size simulations,
since criticality is governed by a diverging correlation length
which in the simulations is limited to the smallest dimension,
L = 11σ . Accordingly, our error bars do not include systematic errors due to finite system size effects.69 Such errors would need to be studied systematically by means of finite size scaling techniques, as in the works of Wilding and
coworkers.70, 71 For the purpose of our work, where we are
mainly concerned with the difference between flexible and
rigid systems, our results are of sufficient accuracy, however.

The vapor-liquid phase envelopes of FFLJ chains with
rc = 3σ and inhomogeneous LRCs are depicted in Fig. 3.
We have also included the simulation results corresponding
to the coexistence curves of RLLJ chains formed from three
(m = 3), four (m = 4), and five (m = 5) monomeric units from
our previous work.53 As previously mentioned, all densities
are presented in terms of the monomeric densities since the
coexistence curves fall in the same scale when plotted in this
way.
We first analyze the phase behavior of FFLJ chains. As
can be seen, the phase envelope becomes wider as the chain
length is increased from three (m = 3) up to six (m = 6) segments, as one would expect. Note that we have also included
the Monte Carlo simulation results corresponding to the case
m = 4 (chains formed from four LJ segments) from a previous
work.14 Obviously, the phase envelopes obtained in this work
(m = 3, 5, and 6) follow the expected intermediate behavior
than those corresponding to dimers and chains formed from
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FIG. 3. Vapour-liquid coexistence densities for FF (continuous curves and
filled symbols) and RL (dashed curves and open symbols) LJ chains. The
open green, red, blue, and orange curves and symbols correspond to the coexistence densities obtained from the MC NVT simulations for chains lengths
of m = 3, m = 4, m = 5, and m = 6, respectively. The filled red symbols correspond to the existence densities obtained by MacDowell and Blas.14 Symbols at the highest temperatures for each of the coexistence curve represent
the critical points estimated from Eqs. (14) and (15).
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eight (m = 8) segments. The critical coordinates of chains,
for different chain lengths, also follow the expected behavior,
i.e., higher critical temperature and lower critical density as
the chain length is increased.
Comparison between coexistence curves of FF and RLLJ
chains provides interesting conclusions of the effect of molecular flexibility on the phase behavior of chain like systems. As
can be seen, the coexistence curves of RLLJ chains exhibit
the same qualitative behavior previously explained when the
chain length is varied. However, the most interesting conclusions from Fig. 3 arise when comparing the coexistence envelopes of FF and RLLJ chains formed by the same number
of monomeric units. As can be seen, the coexistence envelope
of RLLJ chains is wider than that corresponding to FF chains,
i.e., liquid and vapor densities of RL chains are higher and
lower than those of FF, respectively. In addition to that, differences between both phase envelopes increase as the chain
length is increased. For instance, for the case of chains formed
from three segments (m = 3), the phase envelope of both models is nearly equal. However, for chain lengths of m = 4, differences are noticeable in both sides of the phase envelope,
especially in the liquid side. But the case in which the differences between densities of both models are larger corresponds
to m = 5, especially at the liquid side of the phase envelope.
In summary, the key issue in order to rationalize the different properties between FF and LR chains is that the LR has a
higher critical temperature at the same chain length, hence,
at a fixed chosen temperature it will be relatively further
away from the critical point than the corresponding FF chain.
This explains why LR chains have greater segregation, greater
surface tension, and smaller interfacial width at a given
temperature.
An important difference between the phase envelopes of
the two models studied here is the range of temperatures at
which vapor-liquid phase equilibria is stable in both models. As the chain length increases, from three (m = 3) to five
(m = 5), the vapor-liquid coexistence range corresponding to
the RL chain model is more limited. Contrary, the FFLJ model
exhibits a huge liquid range in which vapor and liquid phases
coexist, due to the reason previously explained in the Introduction (see also our previous works for further details).49, 53
This effect can be understood observing the phase behavior of FFLJ chains formed from six (m = 6) monomeric units.
As can be seen, the range of temperatures at which the system
exhibits vapor-liquid separation is huge, from T ∼ 1.0 up to
T ∼ Tc ∼ 2.5. No simulation data for the homologous RL
model are available in the literature. We think this model
exhibits liquid-crystalline phases for chain lengths equal
or larger than six segments, including isotropic, nematic,
and smetic phases. Due to this, the determination of the
vapor-liquid coexistence properties, and particularly interfacial properties such as surface tension, is a difficult task taking into account that the solid phase would be more stable
than the liquid at these conditions.49, 53
Before presenting the results for other properties it is important to mention the general influence of long-range corrections on the estimation of the critical point. The standard long
range corrections to the energy introduce an effective mean
field van der Waals like contribution to the Hamiltonian aρ 2 .

Such behavior is only exact for infinitely long-range pair potentials and produces mean field like criticality.72 The inhomogeneous long-range corrections introduced here are somewhat more subtle. Indeed, they correspond to an effective infinite long range potential for all pairs of molecules with perpendicular distance |zj − zi | > rc , but a finite range potential
for pairs of molecules |zj − zi | < rc . This most likely also produces mean field critical behavior. However, we use a long
range cutoff rc sufficiently large that the Ising like behavior
will dominate the system’s behavior except in the close neighborhood of Tc .73 In practice, this is most likely not an important issue, since we expect that for our limited system sizes
finite size effects become relevant before the crossover from
Ising like to mean field behavior. As a matter of fact, most
estimates for long range r−6 potentials that are available in
the literature introduce a mean field like character to the simulations by virtue of the homogeneous long range correction
to the dispersive energy. In practice, the artifacts that could
result are most likely not as important as the suppression of
diverging correlation lengths that result from the finite system
size.
Another interesting property obtained from our analysis is the 10-90 interfacial thickness, t, of FFLJ chains (cf.
Table I). Notice the intrinsic width is not strictly an intrinsic property of the fluid, but rather, increases logarithmically
with system size due to the presence of capillary waves.74
However, our results are performed in all cases for the same
lateral size, so that the comparison is meaningful. Furthermore, the lateral system sizes in our simulations are only a
few times as large as the fluid’s correlation length so that
we do not expect for such sizes a large effect of capillary
wave broadening. We have also included the results obtained
by Blas et al.53 for RLLJ chains formed from three (m =
3), four (m = 4), and five (m = 5) monomeric units. Fig.
4 shows the behavior of the 10-90 interfacial tension, as a
function of temperature, for different chain lengths and the
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FIG. 4. The 10-90 interfacial thickness t as a function of the temperature for
FF (continuous curves and filled symbols) and RL (dashed curves and open
symbols) LJ chains. The green, red, blue, and orange colors correspond to
the interfacial thickness obtained from the MC NVT simulations for chains
lengths of m = 3, m = 4, m = 5, and m = 6, respectively. The open symbols correspond to the interfacial thickness obtained by Blas and et al.53 The
curves are included as a guide to the eyes.
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models considered. As can be seen, for a given chain length,
t is seen to increase with temperature, which simply reflects
the fact that the interfacial region gets correspondingly wider,
as can be also observed in Fig. 2. At low temperatures the
density profiles exhibit a sharp interface which corresponds
to a low value of the interfacial thickness. As the temperature is increased towards the critical value the interfacial
region becomes wider, and hence, the value of the interfacial thickness increases and diverges to infinity as T → Tc .
Also note that at low temperatures both surface tension and
interfacial widths become very similar for all chain lengths.
In this regime of low temperature, the properties of the liquid phase are essentially dictated by packing effects on the
scale of segment diameter, which is the same for all chains.
It is in this region where Wertheim’s thermodynamic perturbation theory and the related SAFT (Statistical Associating
Fluid Theory) equation become most accurate,75–77 as a reference monomer system provides an accurate description of
the chain fluid. As the temperature increases, both interfacial width and surface tension are rather dominated by the
relative distance from the critical point (cf. Eq. (15)), which
is different for each chain, and the properties become very
different.
We first concentrate on the behavior of the interfacial
tension of FFLJ chains. According to the figure, an increase
of the chain length results in a decrease of the thickness of
the interface at fixed temperature. The variation of the interfacial thickness, as a function of chain length, is smaller as
the chain length increases. In particular, the smallest variation in the interfacial thickness, at a given temperature, occurs when the chain length changes from m = 5 to m = 6.
Note that for intermediate temperatures, T ∼ 1.6, the interfacial thickness of chains formed from five and six monomeric
units is nearly identical. This is a consequence of the scaling
behavior observed for FFLJ chains previously shown by different authors.14, 48, 52, 53, 78, 79 This behavior is consistent with
the shape exhibited by the density profiles associated to the
vapor-liquid phase envelopes, which is a consequence of the
larger cohesive energy that longer chain like molecules have
(in comparison with short chains).
We now consider the difference between the interfacial
thickness of FF and RLLJ chains. As can be seen in Fig. 4, the
interfacial thickness of flexible chains, at the same temperature and chain length, is larger than that of rigid molecules.
The difference between the thickness of flexible and rigid
chains, for a fixed chain length, increases as the temperature approaches to the critical temperature of the system. In
fact, the difference between both values increases as the chain
length is larger. This behavior is consistent with the results
shown previously here (see Figs. 1–3).
Finally, it is also important to emphasize one important
issue. The range of temperatures at which vapor-liquid phase
equilibria is stable in both models is very different. In the
case of the flexible model, the system exhibits a huge range in
which liquid and vapor coexist. However, the vapor-liquid coexistence range corresponding to the RL chain model is much
more limited, as we have explained previously in the Introduction. To recap, the main effect of rigidity on the interfacial
thickness of the vapor-liquid coexistence of LJ chains models
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FIG. 5. Surface tension as a function of the temperature for FF (continuous
and filled symbols) and RL (dashed curves and open symbols) LJ chains. The
green, red, blue and orange colors correspond to the surface tension obtained
from the MC NVT simulations for chains lengths of m = 3, m = 4, m = 5,
and m = 6, respectively. The open symbols correspond to the surface tension
obtained by Blas and et al.53 The curves represent the fits of the simulation
data to the scaling relationship of the surface tension near the critical point
given by Eq. (16) with µ = 1.258.

is to decrease it, especially at temperatures near the critical
point and for long-chain systems.
We finally consider the behavior of the vapor-liquid surface tension of the LJ molecular chains with different sizes.
In particular, we compare the results obtained in this work for
the FF model with those for RL chains obtained previously.53
This allows to understand the effect of flexibility of the molecular models on the surface tension of the systems studied. The
temperature dependence of the surface tension for flexible and
rigid LJ chains is shown in Fig. 5. As can be seen, at any given
temperature, the interfacial tension is larger for longer chains.
Obviously, this conclusion is valid not only for FF but also
for RL chain molecules. Once again, this is consistent with
the larger cohesive energy in systems formed by long chains.
As can be seen from Fig. 5, an essentially linear behavior is
found for the range of temperatures considered here, with a
slight curvature close to the critical point for each system.
The effect of chain length on the slope of the surface tension curves is remarkable. At a given temperature, this slope
becomes less negative as m is increased, a trend which is also
exhibited by FFLJ chains,14, 48 as well as by the first members of the n-alkane series.80 The same qualitative behavior
has been previously found by Bryk and collaborators81 and a
previous work.53
But probably the most important conclusion of Fig. 5 is
the effect of flexibility of similar molecular models, i.e., LJ
chains formed from the same number of monomeric units, on
the vapor-liquid surface tension. As can be seen clearly, the
surface tension increases as the flexibility decreases. In other
words, the surface tension of RL molecules is larger than that
of FF chains. This is especially noticeable as the chain length
increases (particularly for molecules formed from four and
five segments). Unfortunately, as we have explained several
times along the manuscript, no computer simulation data are
available in the literature for RLLJ chains formed by six or
more LJ spherical units.
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Similar to the case of long FF14, 48 and short RL53 LJ
chains, the computed values of the surface tension allow us
to obtain an independent estimate of the critical temperature
for each chain length from the scaling relation
γ = γ0 (1 − T /Tc )µ ,

(16)

where γ is the surface tension at temperature T, γ 0 is the
“zero-temperature” surface tension, µ is the corresponding
critical exponent, and Tc is the critical temperature. Here, we
fix µ to the universal value of µ = 1.258 as obtained from
renormalization-group theory.1 Our estimates for the critical
temperatures are collected in Table II. The overall agreement
between these values and those obtained from an analysis of
the coexistence densities is satisfactory. It is also possible to
compare these results with predictions obtained previously
by Blas et al.53 corresponding to the RLLJ molecular chain
model. As can be seen in Table II, the same conclusion obtained previously from the analysis of the coexistence densities is also observed here: the main effect of flexibility on
the critical point is to decrease the critical temperature of the
chain model, with the same number of monomeric units, with
respect to that of the rigid one.
It is interesting to mention here that, although the surface
tension values of FF and RL chains are different, at the same
temperature and for molecules formed from the same number
of monomeric units, we have recently found52 that it is possible to find a universal scaling relationship to correlate shortand long-chains molecules with different degrees of flexibility and interacting through different intermolecular potentials
(Lennard-Jones and square-well potentials).
Before presenting the conclusions of this work, it is interesting to comment some issues about the scaling properties we have investigated. In particular, we have considered
scaling relationships for the vapor-liquid and interfacial tension but not for the interfacial width. As it is well-known, in
the van der Waals theory of interfaces, the interfacial width
is readily identified with the bulk correlation length. Accordingly, we could try to test the expected scaling law for the
correlation length ξ ∝ t−ν , where t = 1 − T/Tc , using our
data for the interfacial width. However, the van der Waals theory, as other mean field theories, miss the role of capillary
waves. Such waves result in an interfacial broadening which
is larger than the bulk correlation length and depends on the
system size. Indeed, it is expected that the interfacial width
2
, where ξ 0 is the bulk correlation length,
obeys ξ 2 = ξ02 + ξcw
−ν
which scales as t , while an additional interfacial broadening
2
= kB T /2π γlv ln Lqmax ,
stemming from capillary waves is ξcw
where qmax is an upper wave-vector cutoff. Accordingly, the
scaling form of the interfacial width is governed by both ν
and µ ≈ 2ν. Far away from the critical point, clearly terms
of order t−ν will be important, but close to the critical point a
divergence of order t−µ should occur. Unfortunately, the analysis of the data obtained from simulations does not give conclusive results.
V. CONCLUSION

We have determined the interfacial properties of the
vapor-liquid interface of short FFLJ chains formed from

tangentially bonded monomers. Chains formed by three,
five, and six monomers are considered. The intermolecular
monomer-monomer interactions are truncated at a cutoff distance of three times the segment size of the monomers forming the chains. We use an improved version of the Janec̆ek
methodology proposed recently by MacDowell and Blas that
allows to evaluate the long-range corrections to the potential energy as an effective pairwise intermolecular potential,
without need of the explicit calculation of the current density
profile along the simulation. We use Monte Carlo NVT simulations of the inhomogeneous system containing two vaporliquid interfaces. The surface tension is evaluated using the
TA approach. We have examined the density profiles, interfacial thickness, and surface tension in terms of the temperature
and the number of monomers forming the chains. In addition, we have also calculated the coexistence phase envelope,
including the location of the critical point from an analysis
of the density profiles and the surface tension. In addition to
that, we have compared the results obtained with those corresponding to RLLJ chains formed from the same number of
monomeric segments previously determined in the literature.
The effect of the chain length on the density profiles, coexistence densities, critical temperature and density, interfacial thickness, and surface tension has been investigated. The
vapor-liquid interface is seen to sharpen with increasing chain
length corresponding to an increase in the width of the coexistence phase envelope, and an accompanying increase in
the surface tension. The vapor-liquid surface tension of RLLJ
chains is seen to exhibit a universal scaling behavior when
is appropriately reduced with respect to the chain length and
critical density and temperature, and represented as a function
of the difference between the vapor and liquid coexistence
densities (relative to the critical point).52
Comparison between predictions for FFLJ and RLLJ
with the same number of monomeric segments indicates that
the flexibility of the chains affects both vapor-liquid coexistence and interfacial properties. In particular, from the thermodynamic point of view, the difference between the liquid
and vapor coexistence densities decreases when passing from
a RL to FF chain, with a decrease of the critical temperature and a decrease of the critical density. From the point of
view of the interfacial properties, the density profiles become
smoother along the interfacial region as the flexibility is increased, with the corresponding enlargement of the region in
which the liquid changes continuously to vapor. This increasing of interfacial thickness produces a small decrease of the
vapor-liquid surface tension for short chains, which becomes
larger as the chain length is increased.
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